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MOJIEJTJFOBAHHS TA PO3PAXYHOK NPOLIECY NOIUPEHHSI
BICECUMETPUYHHUX EJEKTPOIPYKHUX XBUIb ¥
TPUIIAPOBII OBOJIOHIII

Pesome. IlIposedeno mamemamuyne MOOENIOBAHHA MA  POSPAXYHOK —NpOYecy NOUWLUPEHHS
gicecuMempUYHUX eNeKMPONPYICHUX XGUTb Y MPUULAPOGITl HeOOHOPIOHIT NO MOGWUHI YUNTHOPUYHILL 000NOHYI
HeCKiH4eHHOI 008ICUHU NiO 0i€l0 MEXAHIUHO20 2APMOHIYHO20 HABAHMAICEHHS 3A YMOBU JHCOPCMKO20 3 €EOHAHHS
n’e30KepamiuHo20 i Memanesux wiapie 0OONOHKU. Y AKOCMI CHpOWYIOYUX KiHeMAMU4HUx NpunyujeHv OJis
no30060icHix nepemiujensy suxopucmaro zinomesu C.I1. Tumowenxa. IIposedeHo uuciosuii po3paxyHok 3a
HAbIUdICEHOI0 Meopiclo ma NOPIGHANbHUL AHANI3 3 AHAIOSITYHUMU PO3PAXYHKAMU 34 MOYHOI MPUBUMIDHOIO
meopiero 1l noby008aHo 8IONOBIOHI OUCNEPCIHI KDUSBI.

Knrwuoei cnosa: mpuwaposa yuniHOpuuHa HEOOHOPIOHA 0OO0NOHKA, MeXAHIYHe 2aAPMOHIYHe
HABAHMADICEHHS, CPOWYIOYI 2inome3su, gicecumempudti enexmponpylCcHi Xeuii, OUCNepCIliHi KPUBL.

I. Lastivka, D. of Engineering

MODELING AND CALCULATION OF THE PROCESS OF
PROPAGATION OF AXISYMMETRICAL ELECTROELASTIC
WAVES IN THREE-LAYER SHELL

Summary. The mathematical modeling and calculation of the process of distribution of
axisymmetrical electroelastic waves in three-layer cylindrical non-uniform in width shell of infinite length under
the mechanical harmonic stresses were conducted.

The middle layer of shell is piezoceramic with radial polarization, the two outer are identical elastic
isotropic metal layers, which are simultaneously electrodes that completely cover the surface of piezoceramic
layer. Electrodes are shorted and electrified surfaces are free from mechanical stresses.

In terms of simplifying kinematical S.P. Tymoshenko hypotheses and in cases of rigid connection of
layers the system of differential equations of motion and electrostatics was obtained and solved. The deduction
of system of equations was conducted on the base of variadic principle of possible displacements using Reisner
Sfunctional and in case of its stationarity.

Hypotheses of quadratic law of change of electric potential and linear law for the normal component
of the vector of induction were taken for conjugate electric fields. The system of simplifying hypotheses for
mechanical and electrostatic components of electroelastic field made possible to satisfy the mechanic uniform
boundary conditions and conditions of rigid connection of non-uniform layers.

The numerical calculation of problem in approximate theory within described above assumptions was
conducted. The results were compared with the computations by the precise three-dimensional theory and
corresponding graphical dispersion relations were constructed. On the base of comparative analysis was made
a conclusion about reasonably good coincidence of the results (within 3-5%) and possibility of application of
given approximate theory with sufficient precision for practical purposes in the investigation of forced harmonic
vibrations of composite piezoelectric systems of finite dimensions.

Key words: three-layer cylindrical non-uniform shell, mechanical harmonic stress, simplifying
hypotheses, axisymmetrical electroelastic waves, dispersion relations.

Beryn. EnekrpoMexaHidyHi IepeTBOpIOBadi eHeprii pi3HOro (YHKIIOHATEHOTO
MpU3HAYCHHS HIMPOKO BHKOPHCTOBYIOTHCS B Haylll ¥ TexHini. B ocrtanHiif yac paszom i3
TPaIUIIHHAMU 1T’ €30TIIePEeTBOPIOBAYAMH, SIKI BUKOHAHI y BHIJISIII MOHOJNITHHX IUIACTHH abo0
O0OJIOHOK, BHKOPHCTOBYIOTHCS KOHCTPYKIIi, SIKI MOXYTh CKJIaJgaTHCi 3 KUIBKOX
I1’€30aKTHBHUX 1 MMACUBHUX IapiB. [0SICHIOETHCS 1€ TUM, 110 BUKOPHUCTAHHS OaratormapoBUX
MePEeTBOPIOBAYIB Ja€ OLbINe MOMXJIMBOCTEH ONMTHUMI3AIil CUCTEMH NUISIXOM 3MiHU TOBIIMHH,
HampsMy TOJSpHU3aIii, CXEeMH eJIeKTPUYHOrOo 3’€IHaHHS ImapiB Tomo. JlocmimKeHHs
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3B’SI3aHUX TMIOJIB Y OaraTomapoBHX KOHCTPYKINISX Ha OCHOBI TPUBHMIPHUX pPiBHSHB
SNIEKTPOIIPY)KHOCTI TOB’S3aHO 31 3HAYHMMH MaTeMaTHYHHMHU TpyAHOIIaMU. Tomy st
MPAKTHYHOTO BUKOPHCTAHHS PO3POOJICHO 1 pO3pOOJISIOThCS Pi3HI TPHKIATHI HAOMKEHI
Teopii, CIpsIMOBaHI Ha MaTeMaTH4HE CIIPOIICHHS BHPIIICHHS IOCTABJICHUX 3aBJaHb, aje
BOJIHOYAC BOHU IMOBUHHI JJaBaTH JOCTOBIPHI pe3yJIbTaTH.

OpHuM 13 HaROUTBII PO3MOBCIOKEHHX MiIXOIIB A0 MOOYA0BU MPUKIAIHUX TEOPiil €
MeTOJT crupolnyounx rimore3. CyTe HOro mojsrae y NPpHUAHATTI (Pi3WYHO OOIpYHTOBAHHX
CIPOIIYIOUUX TiMOTe3 BIJIHOCHO XapakTepy po3moAily (i3sMUHUX BeIWYUH (HAIpyXKeHb,
nedopMariiii, IHIYKII TOINO) Y3MOBX SKOICh (SK IPaBWIO TOBIIWHHOI) KOOpPIWHATH.
Bukopucranss y pi3HUX KOMOiHALISIX THX a00 1HIIUX CIPOLIYIOUYMX TiIMOTe3 JJIS MEXaHIYHUX
1 eJeKTPUYHUX TIOJIIB HEOMHOPIAHUX T €30KEPaMiYHUX OOOJOHOK MPU3BOJMTH 1O 3HAYHOI
KUTBKOCTI PI3HOMAHITHHX CXeM 1 piBHSHB. Y OIbIIOCTI BuUmaakiB [1,2,3] mnms mMexaHIYHUX
MOJIIB  BUKOPHCTOBYIOThCS KiacuuHi TimoTe3w Kipxroda-JIsBa. Ane, sk mokazaim
TOCTiKeHHsT [4] JUIsl OMHOIIAPOBOI IMTIHIAPHYHOI OOOJOHKH, KJIACH4HI TIMOTEe3H, SKi He
BpPaxXOBYIOTh CKiHUEHHICTh MOJYJISI 3CYBY, MOKYTh MPU3BOIHUTH JIO CYTTEBOI IMOXUOKH IIPH
BU3HAYCHHI JMHAMIYHHX XapaKTePHCTHK MEPETBOPIOBAYA.

VY naniit poOoTi, 3 METOIO BpaxyBaHHS KIHIIEBOI BEJIHMYMHU MOJIYJS 3CYBY JUIS
Marepialy O0O0OJOHKH, mpuiiMaroThes KiHemarwyHi rinmotesm C.I1. Tumomenka. Jlns
CIIPSDKEHOTO €JIEKTPHYHOTO MOJISI MPUHAMAIOTHCS TIMOTEe3HW MPO KBAJAPATHYHUIN 3aKOH 3MiHU
SJIEKTPUYHOTO MOTCHINATY 1 JTIHIHHUI 11 HOPMaJTbHOT CKJIaIOBOT BEKTOpa 1HTYKITi.

ITocTanoBKka 3aaa4i, rpaHU4YHi YMOBH. Y JaHiii poOOTi PO3IIITHYTO MOIIUPEHHS
BiCECHMETPHYHUX CIIEKTPONPYKHUX XBHJIb Yy HEOJHOPITHIA 1O TOBIMUHI IWTIHIPAYHIN
obomnoHIi. O00JOHKA CKIIANAETHCS 3 TPHOX IIAPIB: cepe/iHil I’ €30KepaMiuHui 3 paaiaIbHOIO
MOJIIPU3AIli€l0, 30BHIIMHI — OJHAKOBI TIPY)XHI 130TPONHI IMapW, SKi € OJHOYACHO
eNIEKTPOJIaMi, IO MOBHICTIO IOKPUBAIOTH IOBEPXHIO I €30Kepamiunoro tmapy. [llapu
MPAIOIOTh CIJIbHO, 0€3 BiIPHUBY 1 MPOKOB3YBaHH. TOBIIMHA CEPEAHBOTO IT’€30KePaMiTHOTO

mapy /4, TOBLIMHA 30BHIIIHIX IMapiB /;, 00OJOHKA Mae 3arajibHy TOBLIMHY [1 =2h +h
(puc.1) i BigHECEHA JIO TPHOPTOTOHAIBHOI cHcTeMu KoopawHat Os@z (s — mapameTp, 1o
3MIHIOETBCS Y3/IOBXK TBIpHOI, (0 — KyTOBa KOOpJHMHATA, Bich (Jz HampaBiieHa 10 HOpMaJli 110
MTOBEPXHI MPHUBEICHHS z = 0, KA CITIBITAJIa€ 3 CEPEIMHHOIO TTOBEPXHEIO pajiyca R ). JInmposi

. H . .. . .
MOBEPXHI z = i? BUIBHI BiJl MEXaHIYHUX HAIPYKEHb, a €JIEKTPOIA 3aKOPOUEHI.

H/ZzA ¥
" I
0 -
—h/2 .
- I

Pucynox 1. TpumrapoBa HeogHOpiIHA MO TOBIIMHI I’ €30KepaMivyHa LTI HAPUYIHA 000JIOHKA

Figure 1. Three-layer piezoceramic cylindrical non-uniform in width shell

['pannuHi YMOBH 3alIUCY€MO Y BUTIISAIL

D Ry
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YMOBH KOPCTKOTO 3’ €HAHHS ITapiB MAIOTh BUTJIS
u, (s, z+0, l‘) =u, (s, z—0, l‘);

2
G’Z(S’Z+O’t)=0-lz(s’z_09t)’ (Z:iﬁj’ ( )

Jie U,— MeXaHIuHi IepeMillleHHs], G, — HalpY)KeHHs, (¢ — MOTCHIliall eeKTPUYHOTO HOJIS.
Po3p’si3anns  3agaui Ta aHagi3 pe3yabTaTiB. Y  SKOCTI  CHPOIIYIOUHX
KiHEMaTHYHUX [PHUIYIIEHb NpUAMEMO JUIS TO3J0BXKHIX IEepeMillleHb #, TiloTe3n

C.II. Tumorenka, a monepeyHi MepeMilmeHHs #, OyaeMo BBaKaTH IOCTIHHMMH 11O TOBIIWHI
000JIOHKH, SIKI He 3aJI€KaTh BiJl TOBITUHHOI KOO IMHATH:

u, (5. 2.0) =0 (s.1) + 2y(s.1);

u, (s, z,1)=w(s,1), @

ne v(s,t) — nepemimenns cepenunnoi mosepxui (z=0), y(s,¢) — kyT moBopory Hopmaui

JI0 cepeuHHoI moBepxHi. Toxi gedopmarrii 3anuimeMo y TakoMy BUTIISI:

w; £, =w, 4. “4)

8,5'5 = U’s +ZY’,§' 5 S(p(p = E

V chiBBigHOmEHHAX (4) 1 qaji 3amucu TUIMy L, ad0 W, 03HAYAIOTh JUQEPEeHIIIOBAaHHS O

BiJIITOBITHI#M KooparHATI. J[OMOBHIMO KiHEMAaTHYHI TimoTe3u (3) CTATHYHUMHU TillOTe3aMu IS
MOTIEPEYHHX JOTHYHHUX HAIPYKESHb

. (s, 2.0)= f(%j%P(s, £). (5)

JIIs TOTeHIlialy €JIEKTPUYIHOTO OIS 3aKOH 3MIiHW IO TOBIIMHI I'€30KepaMivyHOrO Imapy
3a/1a€MO y BUTJISIL

(s, z,t)=f(%)@(s,t). (6)

OyHkmito  f (x) , mo BXomuTh y (5) i (6), BHOWUpaeMO KBagpPAaTHYHOIO Y BHIJISII
f(x)= %(1 —4x’ ) , IKa aBTOMaTHYHO 3aJI0BOJIbHSIE TPaHUYHUM yMOBaM (1).

VBenmena takuMm umHOM cuctema rirmote3 (3), (5), (6) mo3BoisiE 3aI0BOJIEHUTH
OJIHOPITHUM TpaHUYHUM ymoBaM (1), a TakoX yMOBaM JKOPCTKOTO 3’€IHaHHS mapiB (2).

OyHKITIS P(s, t) , IO BXOJUTH JI0 (5), HE € He3aJIe)KHOIO, a TIOB'sI3aHa 3 IePeMIllleHHAMA W, Y

tTa mnoreHmiaioM @ . Jlns BCTaHOBJICHHS IOTO 3B'S3KYy, BUBEJCHHS PIBHSHb pyXy M
SIIEKTPOCTATHKH 3BEPHEMOCS JI0 YMOBH CTAIIOHAPHOCTI (PYHKITIOHAITY

81=}8(R*—T)dr=0, (7)

ly

ne T — xinetuuHa enepris, a R* — pyHkionan tumy Peiiccaepa Burisiay [5]
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R (u,0,E)=[(o,8,+H (o, E))dV. ®)
D
Tyr ¥V — o06’em, sxmii 3aiimac o6Gononka, H' (G, E) — EHTaJIbIIA, IO SBJIAC COOOIO

KBaJIpaTHIHY (YHKIIIIO CBOIX apryMeHTiB [6]. Bukonyroun BapiroBaHHs B (7) 3 ypaXyBaHHSIM
(8) 1 mpupiBHIOIOYM 10 HYJISI MHOXXHUKH TIpH OG,,0@, OTPUMAEMO TaKi CITiBBiTHOIICHHS

ij?

eIIeKTPONPY)KHOCTI [7], 1Ba 3 IKMX BUKOHYIOTHCS TOYHO, a TPH — IHTETPATbHO:

E E .
SSS = slles + s120-(p(p + d31Ez’
E E .
Sq)(p = sl2GSS + sl IG(p(p + d31Ez >
HJ2
[ (e —(stio,. +d\sE,))0,.dz = 0; (9)
-H/2
H/2
_[ (D‘ - (S{IES + dlSGsz ))SEst = O’
-H/2
HJ2
[ (DZ ~(ehE. +dy (o, + G(W)))SEzdz - 0.
—H[2
Tyt SUE., dij, €, € KYCKOBO-CTAIMMH (YHKIIAMH BiJ Z: Slf — IPY’XKHI TOJATIUBOCTI; dl,j —

I’ €30MOJIyJIi; €, — Ai€JEKTPUIHI IPOHUKIMBOCTI.
Po3p's3yroun (9) BigHOCHO L, v, w 1 @ 3 ypaxyBaHHsM (4), (5), (6), oTpuMaeMo

o, =B, (v, +zyjs)+812%w+l2313%®;

AAY

1 1
Gpo = By (Vs +27,)+ B, Ew+12313 ?@;
h/2 E 2
~ z 5 abs I( 6 5b
D = | Dfl=|dz=="""w, +y )+—| ——el hv=——sE @, 10
s, _}.!;2 sf(hj 6 Hh ( K 'Y,s) h( 5 11 6H 55] sS ( )
2
D, = I sz'(ijdz=2( E2d31E _83T3j®_ Ed31hE Vs
2 h h s +sp, St S

G, = (%hjf(%j(a(w"‘ +7)+bD,,),

ac a

’ 5H?

_2H -3M’h+h hBH-F) - 3pd ().
2H’s;, 2H’sk, 2 sk ’

d 1 2 2
_ A _ E. _ 3. _( E
B, =As; B, =-Asy; By=———7 __(Sn) _(Slz)'
spts, A

* E . . . PR . .
TYT S55 o S55 B1IHOCSTBHCS B1AIIOBIIHO 10 HPY)KHOFO 111 €30KepaM111Hor0 I_HaplB.
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BBenemo iHTerpaibHi XapaKTepUCTHKY:

HJ2 H)2
T = I G, dz; T, = J G ,,42;

-H[2 ~H/2

i " (1D
M, = J- z6 dz; = I c, dz.
-H/2 -H/2
Y pesynbrari piBHSHHSA (7) IS JOCTIHPKYBAHOTO BHITQJIKy TapMOHIYHMX XBHJIb HaOyJe
BUTJISIITY

A A

_U[ (3v),, +M, (8y),s+ T.3w+0, (8y+(dw)., )+ (D -D, 5@_
(12)
—(x)z((Zplhl +ph)(050+w8w)+é(pl(H -y +ph3 ygy }

Je p, 1 p — IYCTUHM NPY>KHUX 130TPOIHUX IIAPiB (€JIEKTPOJIB) 1 II’€30KEPAMIYHOIO LIapy
BimoBiHO. [IprpiBHIOIOYH 10 HYJISI MHOXKHUKH TP HE3AJISKHUX Bapiatisx ov, oy, Ow i 8@,
OTPHUMAEMO PIBHSHHS PyXY 1 €IeKTPOCTATUKU Y TAKOMY BUTJISIIL

T, +o’v(2ph +ph)=0;

2
M, -0, +%(pl(H3 )+ ph)=0; (13)

%T -0, ,+o’w(2ph+ph)=0, D  -D,=0.

Po3B’s130k cuctemu (13) y BUTIISAII TapMOHIYHUX XBHJIb, IO TMOIMHAPIOIOTHCS Y3IOBXK
KOOpJMHATH S, IPU3BOJMTH JI0 ITUCIEPCIIHOTO CHIBBIJHOMICHHS, K€ 3B'SI3y€ 4acToTy O i
XBWJIBOBE YUCIIO & .

Ha pwuc.2 HaBemeHO JWCIEpCiiiHI KpHBI, pO3paxoBaHi INPH PIi3HAX 3HAYCHHSIX

2h,

napamerpa d =h/ H i BigHOCHi TOBIIMHI € = e =0,05 TpumapoBoi 000JIOHKH, €JIEKTPOIU
SIKOT BUTOTOBJICHI 31 Cpi0ITa 3 HACTYITHUMH HOTO KOHCTAHTaMHU:

p=10,5kr/m’; E=827x10" H/™M*; v=0,38,
ne £ —wonyns FOura; v — koedimient Ilyaccona.

Y  sxocTi  MaTepialy  CepeAHBOrO  II'€30KepaMidHOro  Imapy  OOOJIOHKH
BUKOPUCTOBYBAIIU 11’ €30KepaMiky PZT-4 3 TakuMu XxapakTepuCTUKaMHU:

sh=0,12317"; 55 =0,040507"; 55, =0,3907"
A=10"H/M™M’; d,=-123x10"" Kw/H; d =496x10"" Ki/H;
g, =1475¢,; €1, =1300 €, p=7,3x10" xr/m’,
Je A — ImapaMeTp 3 pPO3MIPHICTIO MPYXHHUX CTaNX; €, — aOCONIOTHA JieleKTpuYHa

MPOHUKHICTh BaKyyMy.
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VY rpannuHNX BUmMankax npu d =1 1 d =0 OTpUMYEMO BIJAIOBITHO OJHOIIAPOBY
IM'e30KepaMiuHy OOOJIOHKY 1 JBOIIApOBY OOOJIOHKY, IO CKJIQJA€ThCA 13 30BHIMIHIX
130TponHUX ImapiB. AJie Taka JBOIIApoBa 0OOJOHKA €KBIBaJIECHTHA OJHOIIAPOBIH 130TpOMHii
000JIOHIII, OCKIJIBKH IMPHUITYCKAETHCS, IO 30BHIMHI IMapW OJHAKOBI i aedopmyroTbes 0e3
BIIpUBY 1 TpOKOB3yBaHHS. BinHomeHHs 3arajbHOi TOBIIMHU OOOJOHKM J0 pajaiyca
cepetiHHOT MoBepxHi H/R 3aivmaersest mpy 3MiHi d moctiitHuM i nopisaioe 0,5. Yacrora

@® 1 XBHJIBOBE YHCJIO k 00€3p03MipeHi TaKUM YHHOM:

2 2
oro Pl _KH (r=10"IIa).
A T
&
6
4
rd=1
\/
2 %
d=0
0 0,2 0,4 0,6 k

Pucynok 2. J[lucniepciiiHi KpuBi, po3paxoBaHi 3a HaOIKEeHO (CYLibHI JiHIT) i TpMBUMipHOIO (ITyHKTHPHI
niHif) TeopisiMu

Figure 2. Dispersion relations constructed by the approximate theory (solid line) and three-dimensional theory
(dashed line)

JInss BU3HAYEHHS TOYHOCTI 3allpOIIOHOBAHOI Teopii Ha puc.2 HABEIECHO TPH
JUCTIepCiiiHI TIJIKW, PO3paxoBaHi 3a JaHOK (CYLLUIBHI JiHIT) 1 TPUBUMIPHOIO (IIYHKTHPOM)
TeopismMu [8] Ui yacTMHHHMX BUNAAKIB d =0 (cyminpHa MeTaieBa 0OoOJOHKA) 1 d =1
(cymizbHa T1I°€30KepaMivHa), a TaKOoX JUIS BUIAIKY CKIAJCHOI TPHUITApOBOi OOOJIOHKH 3
napameTpoM d = 0,4 (cymiapHi JTiHiT).

Ax GaumMo 3 puc.2, mepma i apyra (3HW3Yy) JUCHEpCiiiHI KPHBI JUIS TPHIIAPOBOT
00OJIOHKH pO3MIillleH] B 00J1acTi, 0OMEeXeHil BiANOBITHUMH KPUBUMH OTHOIIAPOBUX MPYKHOT
i me3okepaMiuHoi 0000OHOK. OTpuMaHi pe3yiabTaTH 3a HAOJMIKEHOIO Ta YTOYHEHOIO
TEOPISIMH XapaKTEPU3YIOThCS 3aIOBUILHUM CITIBIIAaHHAM (BiIXHICHHS 110 5%).

BucnoBkn. [lopiBHAIBHIE aHaNi3 AUCIIepCiitHUX rpadidHUX 3aIekHOCTEeH (puc.2),
moOy/0OBaHUX Ha OCHOBI pO3paxyHKIB 3a HaOIMKEHOI TEOpI€l0 3 BUKOPHCTAHHSIM
kiHemarnunux rinore3 C.II. TumolneHka i 3a JOMOMOIOI0 TOYHOI TpHBHMipHOI Teopii [8],
BKa3ye Ha JOCHUTH JI00pe CHiBNaJaHHs pe3yNbTaTiB — y Mexax 3—5%.

PesynbraTé maHWX MOCHTIDKEHb 3 JOCTATHBOIO JUIS TPAKTUYHUX ITiIel TOYHICTIO
MOXYTh OyTH BUKOPUCTaHI MPH PO3B’SI3yBaHHI 3aja4d MPO BUMYIIICHI TApPMOHIYHI KOJIMBAHHS
CKJIQJICHUX 11’ €30€JICKTPUYHIX CUCTEM CKIHUEHHUX PO3MIpiB.
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Conclusions. Comparative analysis of the dispersion graphical relations (fig.2),
based on calculations by the approximate theory using kinematical S.P. Timoshenko
hypotheses and using the precise three-dimensional theory [8], testifies reasonably good
coincidence of the results (within 3—5%).

The results of this study with sufficient precision for practical purposes can be used
in solving problems of forced harmonic vibrations of composite piezoelectric systems of finite
dimensions.
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