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HAIIPY)KEHUI CTAH KYCKOBO-OJHOPIJIHO]
I30TPOITHOI IIJIACTHHKH 3 KOJIOBUM PO3PI3OM

Peszwome. Poszenanymo xoumaxmuy 3a0ayy OJsl HECKIHYeHHOI I30MpONHOI NIACMUHKU 3 GNASAHUM
Kpyenum npYyA*CHUM OUCKOM 3a HASAGHOCMI HA NIHIT pO3MECYB8aHH Mamepianié 30H cnaio, 21a0K020 KOHMAKMY i
giocmaganns. Mamemamuuny moolenv 3a0aui NOOYOOBAHO Yy GU2NAOI CUCMEMU CUHZYIAPHUX IHMeSPaNbHUX
pieHsnb 3 noeapudmivnumu sopamu. Pospaxynok nanpyoiceno2o cmany Ha medxici nooiny mamepianie npogedeHo
YUCTOBO-AHANTMUYHUM MEMOOOM MEXAHIYHUX KAOpamyp i Konokayil.

Kniouosi cnoga: nanpyosicenuii cmaw, i30mponHa niacmuHKd, KOHMAKMHI 3YCUNLIA, NPYICHULL OUCK,
2Na0KULl KOHMAKM.

A. Syasky, N. Shynkarchuk, V. Kot

THE STRESS STATE OF PIECEWISE HOMOGENEOUS
ISOTROPIC PLATE WITH CIRCULAR CUT

Summary. The solution of a contact task for infinite isotropic plate with a circumferential cut and
elastic isotropic disk is proposed. The plate and the disk have to be soldered between themselves on the one part
of the general contour, and a through symmetric section has to be on the other parts of the contour. Under the
concentrated power loading applied in the center of the disk, the edges of a section of a lamellar design are in
contact partially or along the whole length. Friction forces in the contact zone of the plate and the disk — are
absent.

The solution of such task assumes a tension component definition on a limit of the materials section
and sets the size and position of the contact zone.

Boundary conditions of the problem on a site of smooth contact are chosen as normal shifts equality
of planimetric points of a plate and a disk, and on an interface site they are as shifis equality. Dependencies
between the components of the displacement vector and contour points of the plate and the elastic disk and
contact stresses are written down in the form of integral relations with logarithmic kernels. By the substitution of
these expressions in boundary condition of the problem, the system of four singular integral equations for
definition of functions, through which contact forces on the contact area and the juncture have been constructed.
Beside the obtained system of equations the condition of force equilibrium state of a disk has to be satisfied. We
considered cases of partial problem for a homogeneous plate with a cut along the arc of a circle and absolutely
hard disk. An approximate solution of a problem is realized by mechanical quadratures and collocations
method. The size and the position of the contact zone are defined by a dichotomy method.

The influence of relative rigidity of the disk and the size of a soldering zone on distribution of
planimetric tension has been investigated for a piecewise homogeneus isotropic plate with a circumferential
cutting, the edges of which are in contact partially or along all length because of the force action of loading. The
results of numeric computation with full and incomplete contact of the section's edges are illustrated on schemes
and table.

Key words: stress state, isotropic plate, contact efforts, elastic disk, smooth contact.

Beryn. [HTeHCHBHHI PO3BUTOK CydacHO! TEXHIKH MPU3BOJUTH JO IMHPOKOTO
BUKOPHUCTAHHS B IHXKEHEpHIN MPaKTHUI[l KYCKOBO-OJHOPIJIHUX TUIACTUHOK SK TOHKOCTIHHHX
€JIEMEHTIB KOHCTPYKIIii. DYHKITIOHATBHICTh Ta JIOBTOBIYHICTh TAKUX KOHCTPYKIIIH 3HAYHOIO
MipOIO 3aJIeXKUTh BiJ HASBHOCTI HAa MEXi MOJALTY MarepialiB TakuX Ae(eKTiB, sK HACKpi3Hi
NPSAMOJIIHIAHI YW KPHUBOJIHIWHI TpIMHA (PO3pi3M HYIbOBOI IMHUpHHK). OIiHIOBaHHS
HaIpy>KEHOT'0 CTaHy B OKOJII TPILIUH € OJIHIEIO 3 aKTyaJIbHUX MPOOJIEM CydyacHOI MEXaHIKH 3
TOYKH 30py 3a0€3MeyeHHs] TePMETUYHOCTI 1 HETPOHUKHOCTI KOHCTPYKIIIi.



JIoCIiKeHHST HAIPY)KEHOTO CTaHy B OJHOPITHHMX IUIACTHHKAX 3 PO3pi3amMu 1o Jy3i
Koia, sKi TepeOyBarOTh B YMOBax y3arajlbHEHOTO IUIOCKOTO HampyKeHOro craHy abo
HMWTIHIPAYHOTO 3THHY, 3BEJICHHSIM JI0 3a/1a4i JTiHIHHOTO crpspkeHHs [ 1] mpoBeieHo B poboTax
[2,3] Ta [4,5] BigmoBigHO.

Po3B’s30k 3amaui A KyCKOBO-OJHOPIMHOI 130TPOMHOI IUIACTHHKU 3 KOJOBUM
po3pi3oM, Oeperd SKOro KOHTAaKTYIOTh YacTKOBO a00 IO BCi# JIOBXKHHI, 3a Jii 3rHHATBHUX
HaBaHTaXeHb Ha HECKIHUEHHOCTI ¥ y IIEHTp1 JUCKa HaBeJIeHO B [6].

Y pobGoti [7] momaHO pO3B’S30K KOHTAaKTHOI 3adadi Uil KyCKOBO-OJHOPIIHOT
IJTACTUHKY, SIKa MepeO0yBae B yMOBaX OJHOPIJHOTO y3arajJbHEHOTO IIOCKOTO HAIPY)KEHOTO
CTaHy Ha HECKIHYEHHOCTI, 32 HasSBHOCTI Ha MEXKI TIOJILTy MaTepiajliB KOJIOBOTO PO3pi3y.

B nmamiii poGOTi 3ampoONOHOBAHO YHCIOBO-aHATITHYHUN PO3B’SI30K  MiIIaHOT
KOHTaKTHOT 3ajiavi JUI1 HECKIHYEeHHOI i30TPONHOI IUIACTHHKHA 3 KPYTOBHM OTBOPOM Ta
130TPOIHOTO MPY)KHOTO JIMCKA 32 HASBHOCTI Ha JIiHIT CIIOJyUYeHHS! CHMETPUYHOTO PO3pi3y MO
Ty3i Kolla, Oeperu sSKOro KOHTAKTYIOTh 3a Jii CHJIOBOTO HaBaHTAKEHHSI, NMPHUKJIAJICHOTO B
IEHTPIi TUCKA.

ITocTanoBka 3agadi. Po3rissHeMO HeCKiHYEHHY i30TPONHY IUIACTHHKY TOBITHHOIO
2h, mocaabieny KpyroBUM OTBOPOM OJMHUYHOTO pajiiyca 3 KOHTYPOM ¥ , B SIKHiA 0e3 3a30py
1 HaTATy BCTaBJICHO KPYIJIMA TPYXHHH 130TPOIHHN JHUCK Takoi X TOBIUHHU. CHcTeMy
MPSAMOKYTHUX (X, )1 TONIpHUX (P, A) KOOpPAMHAT y CEepeIUHHIN IUIOMWHI TUTACTHHKA

o0epeMo TaKMUM YHMHOM, Io0 MOYaTOK BiJUTIKY CIIBIIaJaB 3 IIEHTPOM OTBOPY, a MOJISIpHA BiCh
criBIajaa 3 Biccro adCItuc.

Ha cumerpuuniit ninstaui y; = [7 — B,;7 + f,] KOHTYpY y UpYXHHI JUCK cHasHUH 3
miacTuHKo0. Ha iHIMM YacTHHI 1IBOTO KOHTYPY MK IUIACTMHKOIO 1 JIUCKOM HasBHUM
HACKpIi3HHN po3pi3.

VY 1meHTpi ANCKa MPHUKIIAIECHO 30ceperkeny cuty £ . BHacmigok aii Takoro cuiaoBoro
HaBaHTa)XEHHS Ha JUISHIN J, =[—0; ¢, ] TIaCTHHKA BCTYIAE B TIIQAKUN KOHTAKT 3 JIUCKOM, a

Ha AUIHKAX ¥, = [0 7 — B, 1V [7 + B,;27 — ;] KOHTaKT MiXk HUMH BiCyTHI# (puc.l).
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PucyHok 1. Po3paxyHkoBa cxema 3aaadi

Figure 1. Analytical model of the problem

Po3p’s30k mocTaBneHoi 3amavi mependavac BHU3HAUEHHS BEJIUYUHHU PO3PI3y, JUIS

SIKOTO:

1) 30Ha KOHTAKTy 30iraeThcst 3 po3pi3oM, MPUUIOMY HOpMabHI KOHTAKTHI 3yCHJUIS Ha
KIHIISX ITi€T 30HY BiJIMiHHI BiJT HYJIS (IIOBHUW KOHTAKT OEperiB po3pizy);

2) 30Ha KOHTAaKTy 30ira€rbcs 3 po3pizoM, ajie HOpMallbHI KOHTAaKTHI 3yCHJUIS Ha
KIHIISIX 30HU JIOPIBHIOIOTH HYJTIO (3apOJKCHHSI 30H BiJICTABAHH);

3) icHye 130J1bOBaHa 30HA KOHTAKTy 1 Bl 30HM BiJCTABaHHs, SKi NMPHISATAIOTH 10
KIHI{IB 30HH CIIAX0.

JIJIsL KOYKHOTO 3 WX BHTIA/IKIB HEOOX1THO BU3HAYNTH HAIPYKSHHUI CTaH HA KOHTYPi ) .
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InTerpanbni piBHsSiHHA 3amadvi. ['paHuuHi yMOBM 3aja4i Ha JUISHII TJIaJKOTO
KOHTaKTy (OPMYIIOIOTBCS Y BHUTIISAII PIBHOCTI HOPMAJIBHUX 3MIllleHbh KOHTYPHUX TOYOK
MJACTUHKY 1 IMCKa, a Ha JAUISHIIL CTal0 — y BUTJISA/II PIBHOCTI KOMIIOHEHT BEKTOpA 3MIIICHHS.
[Ipm BigcyTHOCTI Ha MUIAHII KOHTAKTy CHJI TepTsS Ha minactari [1,7,8] mi ymMoBH MoOXKHa
3amucaTy y BUTIISII

cos A (U-UY)asina(v-rP)=0; S,,=80)=0;  T,=1),  Zey. (1)
S,,=0; sU=0; T,=0; 79=0, rey,. ()
v-vW=0; v-UY=0; s,=80; 71 =1", Aeys. (3)

Tyr 7,,S,,. T (), SO HOpPMaJTbHI Ta JIOTHYHI 3yCHJUIS Ha KOHTYpI OTBOPY TUTACTUHKH Ta

pA
Ha KOHTYpi Jucka. Permra mo3HadeHb Taki x sk i B [7].
KommoHneHTH BekTOopa 3MIIlEHHS KOHTYPHHMX TOYOK IUIACTHHKH JUIS 3aJaHOTO
HaBaHTaXCHHS BU3HAYAIOTHCS 3a popmyiamu [ 8]
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a KOMIIOHEHTH BEKTOPA 3MIIllEHHS KOHTYPHUX TOYOK MPYXKHOTO JUcKa 3 ypaxyBaHHsM (1)—(3)
HaOyBarOTh BUIIISAY [9]
A—t
2EVRU0 =(1-1 t dt—— t In|sin dt—
= )_Lfl (=2 [ £/ Otnfin=

_ U]
sin 220 g 1V P, cos2A—T°cos A+c!;
2 2

2 T+

——jfz(tln

7—fy

dt+

. At
Sin—|
2

OppO (10 [ 7 0 2%
EOnyO=(1=v0) [ £, (1) dr+(1-v 10, (2)+= [WAGL

— —a

27r+ﬂ0
+= [ £'(®)n

7—py

0]
dt+1+v
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—ay 4

1 1 . . .. .. .
E.EY v, v mostyni FOnra i koeginientu [lyaccona marepiaiiiB IMIIaCTUHKH 1 AUCKA;
1 o . .
c, 01() — JIIHCHI cTal.

[TinctaBnsroun (4), (5) y rpanmuani ymoBH (1)—(3) Ta BUKOPUCTABIIY TO3HAYEHHS
KDL (D)= 17 (A)+(4), Ael-aia];
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K+ )41 (2 v 2)=7 (A)+i7:(2) . Ael-Fi).

OTPUMAEMO CHCTEMY 3 YOTHPHOX CHHTYJSIPHHUX IHTETPAIIbHUX PIBHSHB i3 JIOrapu()MIdHUMHA
sApaMu Juis Bu3Ha4eHHs Gyukuiit /', £, f,'. £,
sm dt+
2

cosl[[(l v ( (l))}Ji
cos ;;Idf]—l-;;(l) kE, 0052/1:|+sin/1{[(1—1/)_k(1—1/(1))} J{ 15 (¢)dt~

sm—|dt+ J f1 ln
~ho

7o) de+kT® cos/1+ +k)[jf2 ()In

—a

B
+j £'(7)n

P

2(1+k {ffl (in

—

cosﬁidf]+[(l—v)—k (l—v(l))}Qo (2)+

U]
+kT°sin/1—1_;v kP,sin2A ]=6lcosﬂ, cosAf (A)+sinAf; '(A)=0. Ae[-a0]. (6)
m
% 7z
[(l—v )—k(l—v(l))[.[ o ()de + Iﬁ'(?)df] 21-+4) {J 5 (t)lnsm fetr +
— % -bo —%
77 1)
+I £ lnsm/1 tdf}+kT°cos/1—1+v kP, cos2A=¢,;
) 27
0 S| % 1+k %
[(l—v )—k(l—v ) If2 () a’t+_|‘f2 ‘[fl r)lnsm Hart
-, =B —%
+jf lnsm/{ iy + 1=k (1-v0) o, (2 )+kT°sin/1—1+v(l) kP, sin24=0,
o 2 ’ 2z
/16[”_:609”"‘:80]; rel-p.5]. (7

E
Tyt k= 1, ¢, = kcl( -

Kpim cucremu piBasiHb (6), (7) MOBUHHA BHKOHYBAaTHCS YMOBa CHJIOBOI piBHOBaru
nucka [1, 8]
o] Bo

[ 1@+ [ 7, (7)di =P, (8)
) -b

sKa CIIYKUTH JJII BUSHAUCHHA cranoi ¢ 1

KoHTakTHI 3ycuiuls Ha KOHTYpi OTBOpY IutacTHHKH depe3 dyHkuii f,'(4), f,'(2)

BH3HAYAIOTHCS 3a popmyiioro [8]
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T,+iS,, =( /(D) =i (A))(cos(A)—isin(A)), Aey . 9)

KinbieBi 3ycuiis Ha KOHTYpPi OTBOPY IJIACTHHKYU 3HAXOJMMO 3i CITiBBiAHOIICHHS [ §]
_ 1 1 A=t , P
T,=vT,+ (1—v)Tp(/1)—;£Tp(t)dt+;!Spl(t)cthdHE@—v)cosz , Aey. (10)

KiybreBi 3ycriuis Ha KOHTYPi MPY>KHOTO JTUCKA BU3HAYAIOTHCS 3a (hopmysioro [9]

1+ v(l)

=T — I (t)ctg—dt PcosA, Adey. (11

CmieBigaomenHs (6) — (11) BU3HAYarOTh MAaTEMAaTHYHY MOJIEJTh TIOCTaBJICHOT 3a/1a4i.
PosrisaeMo 1i 4aCcTKOBI BUIIAIKU:

e sx1o B (6) — (11) mokmacT EV=E , v =y , TO OTPUMAEMO PO3B’SI30K 3a7adi IS
OJTHOP1AHOT 130TPOIHOI INTACTUHKH 3 CUMETPHYHUM KOJOBUM po3pi3oM [2];

empu k—>0 cucrema (6)—(11) BU3HA4ae pO3B’SA30K 3amadi Ui  130TPOIHOI
IJTACTUHKY 31 BIAssHAM a0COJIFOTHO JKOPCTKUM KPYTIIUM JHCKOM.

Ha6mmkennii po3B’si30k 3aaadi. 3HaAXOKEHHS TOYHOTO PO3B’SI3Ky cucteMu (S5)—
(7) moB’s13aHO 31 3HAUHUMH MaTeMaTUYHUMU TpyaHomamu. [1is ii HabmumkeHoro po3B’ s3aHHS
BHKOPUCTAaHO YHUCJIOBHH METOJ MEXaHIYHMX KBajapaTyp 1 KoJsokarii [8,9], sxum
JIOCITIJKYEThCS BIUIUB HA PO3MOJIiT KOMIIOHEHT HAIIPY)KEHOT'O CTaHy BEIMYUHU k=FE / EY 3a
YMOB TIOBHOT'O Ta HETTOBHOT'O KOHTAKTy OeperiB po3pizy.

PesynpraT 4HCIOBUX pO3paxyHKIB CHUJIOBUX HaIpy)XeHb Ha KOHTYpl y JJs
IUTACTUHKY 1 AUCKA MPOiTOcTpoBaHo Ha puc.2—5. I Tpuxosi mdiHii HOOYA0BAaHO AJISl BUMAIKY
ITOBHOTO KOHTAakKTy OeperiB po3pi3y, CYIIJIbHI — JJIS BHITQJIKy PO3MHUKAHHS KOHTAKTy B
KIHIIEBHX TOYKaX po3pidy, IITPUXITYHKTHPHI — JJIS BHIIAJKY HEMOBHOTO KOHTAaKTy OeperiB
po3pisy. Brabn.l mns k=1 ta k=02 HaBeAeHO pO3MIpU 30H KOHTaKTy «,, SKI

BiJITIOBI/AIOTH 3aJIaHUM Po3pizaM [, & TaKOXK 3HAYEHHs HOPMAIBHUX 3ycuIb 7, y HEHTpax

30H KOHTaKTy i cmaro. B miii tabmuii xyr A° BH3HA4Yae BEIUYUHY pO3PI3y, IS SIKOT'O
PO3MHUKAHHS TTOBHOTO KOHTAKTY BiJIOYBa€ThCSI B KIHIIEBUX MOTO TOYKAX.

PucyHok 2. Po3nofin HopMalnbHUX Ta PucyHok 3. Po3nozin HopMaJibHUX Ta
JOTHYHMX 3ycuib npu k=1 potiaHuX 3ycwis npu k=0, 2
Figure 2. Distribution of the normal and Figure 3. Distribution of the normal and
tangent efforts at k=1 tangent efforts at £=0,2
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Pucynok 4. Posnonin kinbuesux sycunb npu k=1 Pucynok 5. Po3mofin KinbleBux 3ycuiib MpH

k=0,2

Figure 4. Distribution of the hoop efforts at k=1 Figure 5. Distribution of the hoop efforts at k=0, 2

Ta6auus 1

Pesyrbrarn pospaxysky Bemuant ,, T, (A=0), T, (A=7)
Table 1

The results of values calculation &, , T, (1=0), T, (A=7)

/3, (rpax) a, (rpa) T, (A=0) T, (A=m)
k=1 | k=02 | k=1 | k=0.2 k=1 k=0.2 k=1 k=0.2
A<A™ | 130 171 50.00 9.0 -0.2725 | -0.2068 | 0.2625 | 0.1884
A=1" 19550116736 | 84.50 | 12.64 | -0.2876 | -0.2083 | 0.2662 | 0.1960
A>SA 60 60 77.85 | 74.18 | -0.3138 | -0.3092 | 0.2756 | 0.2317

BucHoBkmH. Y pe3ynbTari MPOBEJACHHS YACIOBUX PO3PaXyHKIB BCTAHOBJICHO:
® SKITI0 PO3pi3 PO3MIIIEHUN CHMETPHYHO BIJIHOCHO OCi aOCIHC, TO TPU CHIIOBOMY
HaBaHTaXCHHI HA JUCK MOKJIMBHI ITOBHUH 1 HETIOBHUM KOHTAKT MiX Horo Oeperamu;
eIIpM IOBHOMY KOHTakTi OeperiB po3pidy KUIbLEBI 3yCWUIS Ha MAUISHIN CHAIO
TUTACTUHKY 1 TUCKA JUTS BUTIAAKY k = 0,2 TPaKTHYHO JOPIBHIOIOTH HYIIO;
©30UIBINICHHS JUISHKH CIAl0 IUTACTUHKH 1 JHWCKa TPU3BOJUTEH JO 3MCHIICHHS 30HU
KOHTAaKTY;
 [Ip1 YaCTKOBOMY KOHTAaKTI OeperiB po3pizy Ha KiHISX 30HU CIal0 KOHTAKTHI 3yCHILIS
HEOOMEKeHi.
Conclusions. As a result of numerical calculations it is established:
o If the incision is placed symmetrically with respect to the x-axis, then the power load
on the drive possible complete and incomplete contact between its shores;
o In full contact shores of the incision circular efforts on the junction area of the plate
and the disc equal almost zero at £ =10,2;
e Increase in the size of junction of the plate and the disc results in the decrease in the
contact area;
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e In the case of partial contact of shores of the incision on ends of the junction area
contact efforts are unlimited.
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