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BILIUB 3AJIMIIKOBUX JE®OPMAIIA HA KOHTAKTHY
B3AEMOIIIO ’)KOPCTKOI'O LITAMIIA TA ITPYXXHOI'O
HIBITPOCTOPY

Pesome. Hageoeno poss’si3ox ocecumempuyHoi KOHMAKMHOI 3a0a4i Npo MUCK WMamna cKiaoHol
KOH(ieypayii Ha npydjicHuil i30mponHuil nienpocmip 3 Ypaxy8awHsM NOonepeonix Hanpydicenv. [106ydosano
DyHKYIT pO3NOOINY KOHMAKMHUX HANPYIHCEHD ONIA SPAHUYHOT nowury. [Ipoananizoeano 6niue noas 3anumMKo8Ux
Oeghopmayiii Ha po3nodil KOHMAKMHUX HANPYIICEHb MA POpMY NIOUAOKY KOHMAKNILY.

Knruoei cnosa: nanpyoicenns, 3anuukosi degpopmayii, wumamn cknaonoi kougieypayii, nisnpocmip.

O. Panchuk, H. Habrusiev, B. Shelestovskiy

INFLUENCE OF RESIDUAL STRAIN ON THE CONTACT
INTERACTION OF A HARD PUNCH AND ELASTIC SEMI-SPACE

Summary. Calculating the strength of structural elements and mechanisms is one of the most important
stages in the process of their design. As it is known [2], residual deformation is almost always available in the
structural elements and machine parts. The nature of their appearance can be very different: irreversible
deformation (plasticity, creep), structural changes in the material, changes of the aggregate state in some areas,
mechanical, chemical and technological processes, etc. Resultant stress can cause fracture and accelerate some
phase transitions, corrosion in particular.

To improve the accuracy of calculations the residual must be taken into account, which directly affect
the state of bodies. Taking into account all the factors that affect the interaction of the body is one of the key
problems to determine the stability, reliability and other characteristics. Therefore, consideration of residual
stress in the study of contact interaction of elastic bodies is an important task.

Research problems of the contact interaction investigations of the preliminary stressed bodies in our
country and abroad had appeared in the sufficient quantity only by the end of the last century. First of all it is
due to the fact, that the linear elasticity theory does not consider the residual stresses in bodies. In general, strict
proper statement of such problems requires the use of system of the nonlinear elasticity theory, however, for the
sufficiently large values of the initial stresses its linearized version can be referred to.

In the article the solution of axisymmetric contact problem of pressure a punch of complex shape for an
elastic isotropic half-space, taking into account preliminary stresses is described. Besides distribution function
of contact stresses and displacements for the plane boundary of semi-space was created.

Besides, the residual deformation field characteristics effect on the amount and nature of the contact
stresses under punch has been analyzed.

Key words: contact stresses, punch of complex shape, isotropic semi-space, residual deformations.

IocTanoBka npodJemMu. Po3paxyHOK MIITHOCTI €1€MEHTIB KOHCTPYKIIM Ta MeXaHi3MiB
€ OJHUM 3 HaWBKJIMBINIMX €TamiB y Mpoleci IXHbOTO MpOeKTyBaHHS. J[1s BU3HAUCHHS
MIITHOCTI Ta BUTPHUBAJIOCTI HEOOXITHUM € OOYKCIICHHSI KOHTAKTHUX JiehopMalliii i HarmpyxeHb
IpU  B3aEMOJII JKOPCTKHX INTAaMIIIB Ta TMPYXKHUX TUT 13 HASBHUMH 3aTHIIKOBUMU
nedopMariissMu, sIKi MOKYTh CYTTEBO BILUTUBATH Ha PO3IOJILT KOHTAKTHUX HAIPYKEHb 1 HopMy
MJIOIIAIKU KOHTAKTY.



AHaJi3 ocTaHHIX T0CTaiKeHb. [[HTaHHIM B3a€MOJIIT )KOPCTKHUX IITAMITIB Ta TMPYKHHX
T 13 HasBHUMH 3aJUIIKOBUMH JedopMalisMu 3aiimanocs 0OaraTo BUEHHX, 30KpeMa i
BiTum3HSHUX. KOHTaKTHI 3ama4i Ui TUT 13 TOYATKOBUMH HANPYXXEHHSIMH B paMKax
JiHEapu30BaHOI Teopil MPYKHOCTI MpH Pi3HUX (OpMaxX MPYNKHOTO MOTEHIIATYy pPO3TIIsAaiu
Aptionssa H.X., AnekcannpoB B.M., Cmeranina b.I., ®@iminosa JIL.M. ta inmi. [Tpukiaman
PO3B’SI3KY 3a7au KpPy4eHHS JJIsl MPYXHUX T 3 MOYaTKOBUMH HANpPY>KEHHSIMH HABEJICHO B
pobotax badwua C.1O., I'y3s O.M., I'myxosa FO.I1., Pygaunkoro B.b. [2]. B3aemomiro mix
KUJIbKOMa IITaMIIaMH Ha IMPY>KHOMY MiBIPOCTOPI po3risiHyTO B podoTtax I.I. Aprarosa.

Merta po6oTn. J[oCTiIUTH BILUTUB 3aIMITKOBUX Jedopmariiii Ha po3mojIil KOHTAaKTHHX
HalpyXeHb IpH KOHTAKTHIA B3aeMOJIl IMTaMma CKJIAAHOT KoHQIrypamii 3 NpyKHUM
MiBIIPOCTOPOM.

IMocranoBka 3agavi. BusHaumMmo BIUIMB 3aiUINIKOBUX Jedopmaniidi Ha po3MOALT
KOHTAKTHHX HAIPYKEeHb y BHUITQJKy KOHTAKTHOI B3a€MO/IIi IITaMIa CKJIaIHOT KOHQirypartii Ta
MoTepeIHbO HaIpyKeHoro miBmpoctopy [6]. Illtamm ckinagaeTbest 3 ABOX YaCTHH, KOPCTKO
3’eHAHUX MK co0oro. [leprma yTBopeHa BHACTIOK 00epTaHHS HABKOJIO CIIJILHOI OCi JTBOX
BITOK Mapaboji, CHpPSHKEHMX y BEpIIMHAX BIAPI3KOM MpsMOi, MEpIEeHAMKYISIPHOI 0 Oci
obOepranHs. Jlpyra — BHACHIOK oOepTaHHS INe OMAHI€l BITKH IMapabojy, BEpIIMHA SKOI
CHpsDKEeHa 3 BicCIO OOepTaHHs MEPHEeHIUKYISIPHUM 0 Hel Bipi3koM. BepmuHu BCiX TpbhoX
mapaboJT JIeKaTh Ha OJHIN MpsMiid, IepIeHIUKYISpHIA 10 oci odepranHs. Oci mapabour, 110
00MEXYIOTh IITaMII, MapaielbHi IO CITFHOI OCi 00epTaHHs, IO CIIBMAJAE 3 JIHIEIO dil CHITN
P. IlITamm BTHCKYETHCS B MIBIPOCTIp 3 MOCTIHHOIO cHjIo0 P mocTynanbHO, 6e3 oOepTaHHs i
TEPTSI.

Bubepemo muminapuuny cucremy koopauHat (O,r,@,z) Tak, 100 KOOpIUHATHA

mionHa (r,0, @) chiBnaaaia 3 TPaHUIHOIO ILIOMIWHOO MIBIPOCTOPY, a Bich Oz — i3 JIiHIEO
nii cuomm P (puc.1).
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PucyHok. 1. Cxema KOHTaKTHOT B3aeMOAIT

Figure 1. Scheme of contact interaction

Buxonsau i3 ¢popmyiroBaHHS 3a7adi, MOKHA onucaTH (QYHKINO, oOepTaHHIM rpadika
SIKOT HaBKOJI0 0ci Oz YTBOPEHO IITAMII, Y BATJISIII
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L(V—ra) ,ra<rs\/R—2r"+ R,
o NN
B L( b)2,\/R—2”a+ erb<r<rb,
W(r)=12R, JR R, M
%R}(r—rc)z,rc<r<c,
0,0<r<r,n<r<r,.

BukopucroByroun amapar JiHeapu3oBaHoi Teopii mpyxkHocTi [1], Bupasm Uit
KOMITOHCHTIB TEH30pa HampyXeHb Ta BEKTOpa IepeMillleHb Ha TpaHWYHIN IUTOIIHHI
niBopocTopy npu z =0, MaTEMYTh BUTIIS

Cyy (1 + ml) T
0, (r.0) === @’ (F +5,5) J (ar)da. @)
N
o..(r.0)=c, (1+ml)11Ta3(E +5F,)J,(ar)da, (3)
u, (r,O):ﬂoooz2 (F +5,F,)J,(ar)da. (4)

Y

VY cniBBigHomeHHIX (3)—(5) Fl(a) Ta Fz(a) — HeBigoMi (YHKII, SKi HEOOXiTHO
BU3HAUUTH, BUXOJASYM 13 TPAHUYHUX YMOB, KOHCTAHTH C,,M,,N,,[,,S,8,,s, 3ajeXaTb Bij

XapakTepy MOJIs 3aIUIIKOBHX JedopMariii.
['pannyHi yMOBHU TOCTaBJIEHOT 3a/1a4l MATUMYTh BUTJISI

c.=0,asr<b,r>c; (5)

c,.=0,0<r<oo; (6)
u, =Wl(r),0SrSa; (7
u, =W,(r).b<r<c. (8)

Oyukmii Wl(r) Ta W, (r) BH3HAYAIOTH TEPEMIIlleHHs! TOYOK TPaHUYHOI TUIOIIMHU

MPYKHOTO MIBIPOCTOPY HA JIJISIHIN HOTO KOHTAKTy 13 KOPCTKUM INTAMIIOM Ta OMHCYIOThCS
cuiBBiHOIIeHHM (1). OdYeBHIHO, BUXOIMYM 13 IUUTICHOI CTPYKTYpH INTamIia, ITOBHHHA
BUKOHYBaTHUCh YMOBa
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W () =W (1) = W, (1), ©

Po3B’s13aHHS 1MOCTaBIIeHOT 3a/1a4i, HaBeJeHe y poOoTi [6], Oa3yeThes Ha MpeacTaBICcHHI
HeBiZloMoi (YHKIIIT, 10 € PO3B’SI3KOM CUCTEMHU IHTErpaJbHUX PIBHSIHb, Y BUIJIAL BiApizka
y3araJibHeHOTO psay Dyp’e 3a pyHkmismMu beccens:

- ﬂn . —
V)—;anJo(zrj, 0<r<a; y(r)—Zb"(r)Ln(r), b<r<c, (10)

L(r)=, (ﬁrjn(n)—n[%rj% (.)-

a

ne y, — NONATHI KOpeHi piBHSHHS (%x))@ (x)-1, (%x)JO (x)=0; 4, — nonarui xopeHi

¢bynkuii beccens J, (x) Crig Bia3HAYMTH, IO HEeBigoMi QyHKITIT x(r) Ta y(r) OTIHCYIOTh
PO3MOJILT KOHTAKTHHUX HAIPyKEHb ITi]] INTaMIIOM.

JUis 3HaXomKeHHs HeBioMHUX KoedimieHTiB poskiany (10) orpumano cuctemu
THIAHUX anreOpaidHuX piBHSIHB, IPU PO3B’SI3aHHI SKHUX BHKOPUCTAHO METOJI CYIEPITO3HIIIi 13
BBE/ICHHSIM NIO3HAYEHb

n

a =P( ()zl+a( )zz+a Z;) b, = (b zl+b zz+b 23)
BijgHocHO HeBifoMHX z;, z,, Ta z; OTPHMAHO CHCTEMY TPhOX DiBHSHB, BUXOJISUM i3

YMOBH PIBHOBAard MTaMIly Ta YMOB #oro muicHocTi (9).
*
['eomMeTpu4HO z, BH3HAYAIOTh KPUBHHY IapadoJl, M0 0OMEXYIOTh IITaMII, a caMe

1
R=———.,i=123.
" 2K.P-z ah

1
m, (sl _so)

\/_044(1+m1 )(s— So)l

OcrtatouHo ¢GopMynH sl 3HAXO/KEHHS PO3MOJAUTY KOHTAKTHHX HAIPYKEHb i
MITAMIIOM MaTHUMYTh BUTJIST

B ocranHbOMY BHpa3i BBeIeHO O3HAUeHHS K| =

N
o.(r.0)=x(r)= PZ(ail)zl* + af,z)z2 +aVz)J, (ﬁ rJ 0<r<a,
a

n=1

N
(o (r,O) = y(r) = PZ(bil)zf + b,gz)zz +b V)L (r),b<r<c.

n=1

Buxopucrarmm (5), MOKHA 3amucaTH BHpa3 JUIs (QYHKINI, 10 BH3HAYAE TTEPEMIIICHHS
TOYOK IPAHUYHOT IJIOIIMHHU MIBIPOCTOPY
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N N
u_(r,0)= KIP{Z((;S)ZI* +d?Z +a® )T (1) + Z(b}gl)zl* +b92 45O 2HT?) (r)} ,
n=1

n=1
TV = J-an (a)Jy(aryda, T (r)= ICD" (a)J,(ar)de ,
0 0

a

Y, (a) = J-rJO (% erO (ar)dr , D, (a) = J-an (r)JO (ar)dr .

0

IToctanoBka

3amadi 'y ¢dopmi (5)—(8) BuUMarae HajgaHHS 3HAYeHbL Iapamerpam a, b, c¢, IO
BH3HAYAIOThH TUIOIIAIKY KOHTAKTY, IIle JIO PO3B’sI3aHHS caMoi 3a1adi. [{e HeoOXiaHO 3poouTH,
OCKITBKM BOHH JK 3aJaf0Th OOJIaCTh BHU3HAUCHHS IMyKaHWX (QYHKIIA. Takoxk mpw Takiit
MOCTAHOBIII PaJliycd KPUBHHU Mapadojl, 0OepTaHHSM SKUX yTBOPEHO INTAMII, Harepe. €
HEBIJOMMMH, a BU3HAYAIOThCS 3aJ€XKHO BiJ 3aJaHuUX Hamepen a, b, c¢, K, ta P 3i

cuiBBiHOIIeHb (5). IlpoTe a/is BUBYEHHS BIUIMBY IIOJS 3aJMIIKOBUX JjJedopmariii Ha
PO3IO/IUT KOHTAKTHUX HAIpPy)XeHb HEOOXITHO BU3HAYATH T€OMETPHYHI TTapaMeTPH TUIOMIAIKH

KOHTAaKTy a, b, ¢ 3alexHO Bin pajiyciB KpuBuHH R,, R,, R, Ta XapaKTe€pUCTHK II0JI
3anuikoBux gedopmaniit K. IIpopeMoHCTpyeMO 3alpollOHOBaHMN HaMM CHOCIO Takoro

BHU3HAUYEHHS YHCIOBUM MPUKIIAIOM.
Bubepemo 1o 7 By3J10BUX 3HAYEHB IS TapaMeTpiB a, b Ta ¢ i3 kpokoMm 0.5:

a=0.3,0.35,0.4,0.45,0.5,0.55,0.6 ;
b=10.6,0.65,0.7,0.75,0.8,0.85,0.9 ;
c¢=1.2,1.25,1.3,1.35,1.4,1,45,1.5.

. . o . . . e * *
I3 BuKOpucTaHHAM pO3B’A3aHOI 3a1adi [6], 3HaliAeMO BIAMOBIAHI IM 3HA4YEHHS Zz, , Z, Ta

* . . ‘o
Zy , SIK1 HE 3aJICXKaTh B1J XapaKTCPUCTHUK I10JIA 3aJIMIIKOBUX I[G(I)OpMaI_III/I:

%

*

%

2 Z Z
-2.34259739 -1.0135984 -8.39859641
-1.67959383 -1.38774644 -5.64368215
-1.24165091 -1.94188703 -4.04640953
-0.93654495 -2.82074059 -3.03916581
-0.7125328 -4.34148568 -2.36007379
-0.5399027 -7.42144546 -1.88130476
-0.40041331 -1531653144 -1.53110928

Buxopucrasmu criBBinHomenHs (11), Bu3HauaeMo 3HaueHHs napameTpiB R, R,, R,

ISl BUTIAJIKY BiZICYTHOCTI y MiBIIPOCTOPI 3aJIUIIKOBUX Aedopmaniit (4, =1):
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Rl R2 R3
0.11727379 0.27118366 0.03271086
0.16356649 0.19796504 0.04867837
0.22125806 0.14147336 0.06789359
0.29333912 0.09739473 0.09039496
0.38556158 0.06327909 0.11640538
0.50884219 0.03701776 0.14602912
0.68610425 0.01793652 0.17942891

AHaJOriyHO 3HaXOJUMO 3HaueHHs R, R,, R,

postary (4 =1.2):

3a HasIBHOCTI 3aJIMIIKOBUX Jieopmartiit

Rl R2 R3
0.14489072 0.33504499 0.04041397
0.20208494 0.24458404 0.0601417
0.27336236 0.17478907 0.08388193
0.36241787 0.12033032 0.11168217
0.47635789 0.07818075 0.1438178
0.62866999 0.04573511 0.18041767
0.84767568 0.02216041 0.22168282

A TakoXX JUIS BHITQJIKy HASBHUX Y MBIPOCTOPI CTHCKYIOUMX 3AIMINKOBUX JehopMartiii

(4, =0.8):
Rl R2 R3
0.08209941 0.1898465 0.02289976
0.11450736 0.13858862 0.03407808
0.15489528 0.09904071 0.04753
0.20535679 0.06818275 0.06328245
0.26991861 0.04429955 0.08149146
0.35622319 0.02591488 0.10223004
0.48031835 0.01255675 0.12561211

Jist xoxHOro i3 posrmsiHytux Bumaakis (4, =1,4 =08 ta 4 =1.2) Oyngyemo
anpoKcuMyrodi (pyHKIIT 110 BU3HAYAIOTh 3AJIEKHICTh R, = R, (a) , R, =R, (b) Ta R, =R, (c)

3a iX JOMOMOrOI0 MOXHA JIETKO BH3HAUUTH MapaMeTpH IJIOMAJKUA KOHTAKTY 3aJeKHO Bif
paaiyciB KpUBHHHU TTapadoJI, 00epTaHHSIM SKHX YTBOPEHO ITaMIl. Bubepemo Jutst mpukiagy

R =02,R =R =0.1.
Toxi orpumaemo:

npu A, =1, a=0.38281998, b =0.74666542 , ¢ =1.36927719; (12)

npu A, =1.2, a=0.44521889, b =0.69862689 , c =1.44490947 ; (13)
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npu A, =0.8, a=0.34835857, b =0.77251613, ¢ =1.32989846. (14)

.. o_(r0 .
Ha puc.2 nobynosano rpadix o = %) — 0e3p03MIpHUX KOHTAaKTHUX HaIPYXEHb

mig mramnoM. [lyHKTHpHa KpHuBa BIiANOBiZa€ BHUIMAIKY BiJCYTHOCTI y MiBIOPOCTOPI
3amKoBUX Jedopmartiii (12), kxpuBa 1 — Bumagky HasBHUX Jedopmartii postary (13), a
KpuBa 2 — neopmariiit crucky (14).

O %

L5

Pucynok 2. Po3nonin KOHTaKTHUX Hampy>KeHb I ITaMIIOM

Figure 2. Distribution of contact stresses under the punch

Ha pwuc.3 mobOymoBano rpadik Oe3po3MipHOT BEIMYMHHA # , IO XapaKTEPHU3YeE
MEPEMIIIeHHs] TOYOK IPaHUYHOI TUIOIIMHYU MiBIPOCTOPY Ui aHAJIOTIYHUX HAOOpIB 3HAUCHb
napametpis (12)—(14).
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Pucynok 3. [lepeMilieHHs TOYOK MPAHUYHOT IJIOLMHY MiBIPOCTOPY

Figure 3. Displasement of the semi-space boundary plane points

BucHoBkH. AHaJTi3 OTPUMAHUX PE3YJIbTATIB Ja€ MOKJIMBICTh CTBEPUKYBATH, IO MOSBA
3TMIITIKOBUX JiepopMaIliii MpU3BOIUTH JI0 3MiHHM IIMOWHU BTHCKAHHS INTaMIIa y MiBIPOCTIp,
i, SIK HACJiJIOK, 0 3MiHU IUIOIAJKA KOHTAKTy Ta aOCOJIOTHOI BEJIMYMHM KOHTAKTHUX
HaIpy>XeHb. 30KpeMa P BUHUKHEHHI Y MPYXXHOMY HIBIPOCTOPI PO3TATYIOUUX JiedhopMartiii
IJIOIIA/IKAa KOHTAKTY 30UIBIIYETHCS, 2 KOHTAKTHI HANPYKCHHS € MCHIINMH, HIXK Yy BUIAJIKY,
KOJIM 3aJIMIIKOBI Jedopmariii BiacyTHi. OKpiM I[bOTO, MOXHA 3POOWTH BHCHOBOK, IO TpH
CTHCKYIOUHX 3aJTMIIKOBUX JIe(OpMaIlisiX 3pOCTAIOTh KOHTAKTHI HAIPYXCHHS Ta 3MEHIITYEThCS
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IJIOMA Ka KOHTaKTy. JIOCTOBIpHICTh 3pOOJICHHX BHCHOBKIB ITIJITBEP/IKYE IX Y3TOJKEHHS 13
pe3yJibTaTaMy, OTPUMAHUMU 1HITUMH aBTopamu [4,5].

Conclusions. Numerical example of searching components of contact stresses for both
contact areas is considered. Numerical analysis allows to state, that the appearance of the
residual tensile stress in the body causes a narrowing of the contact area and increasing of the
absolute value of the contact stresses. Appearance of the compression strains causes the
broadening of contact area and reduces the absolute value of the contact stresses. Reliability
of conclusions confirms their agreement with the results obtained by other authors [4,5].
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