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Summary. According to the elastic approach the biaxial loading problem of the plane with an elliptical
defect was solved. Using the obtained solution and the deformation approach [1, 3] the solution for the cracked
plane under the biaxial load in the elastic-plastic statement has been obtained. Thereupon a deformation criterion
for the critical crack tip opening has been proposed. It was shown, that the tensile load applied parallely to the
major defect axis results in the increase of the crack tip opening and the decrease of the crack shores displacement
along the minor axis.
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Statement of the problem. Thin-walled structural elements are widely applied in the
industrial machinery products. As a rule, they operate under sufficient stress state, that is why
there is a need to have theoretical solutions for the plates softened by the crack-like defects
under complicated load, as well as the criteria for estimation of their strength.

Analysis of the available investigation results. The normal separation crack model
(the Dagdail model) was defined for the plane stress state (1, 2). Then it was generalised for the
plane stress state and plane deformation for any plasticity (3, 4). Taking into account the
approximation approach for the estimation of the two-dimentional plastic area is presented in
the papers [5, 6]. But in the obtained solutions of the tasks the deformation criteria of strength
are not stated. The development of the Griffith model for the biaxial loading in the elastic-
plastic statement has been proposed and the deformation criterion of strength has been stated.

The Objective. To solve the problem on the biaxial loading of the plane with the
elliptical defect within the elastic-plastic approach and to propose the deformation criterion of
the crack tip critical opening. To show the effect of the tensile forces under biaxial loading on
the shores notch displacement and on the opening in the crack tip.

Statement of the task. Let us analyse the infinite plate softened by the Griffith crack
tensiled into infinities by the distributed forces p and g (Fig. 1). To solve this task at the elastic-
plastic approach, that is, taking into account the plasticity at the crack tip, threshold let us solve
first of all the auxiluary task, the task on the biaxial tension of the plate softened by the elliptical
defect with the semi-axis a (major axis) and b (minor axis), when a>>b (Fig. 2). To find the
ellipse shores displacement caused by the forces p and q let us use the potentials ¢( < ) and y(

¢ ) by the Muskhelyshvyly paper [7].
Here such signs are used
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o — the forces direction angle p with the abscissa axis ( as it is seen in Fig. 2 a = 90°).
In the case, when o = 0 (the forces q are directed along the major axis, p = 0), the
potentials will look like
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If the forces q are directed along the abscissa axis, then in the formulas (3) p is changed
into g. There are such ralations between the variables z and &
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Figure 1. Biaxial tension of a plate with Figure 2. Biaxial tension of a plate with
the Griffith crack an elliptical notch

Horisontal u and vertical U displacements of the notch shores for this case (o = 0, p=0)
are found from the relation [7]
After transformations and calculations we will obtain:

2G(u +iv) = x9(2) - 29 (2) - (2) . )

After transformations and calculations we will obtain:
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where G — the displacement modulus; V — the Poisson’s ratio, y = 3-v

1+v
Under the distributed forces p (q = 0) in the direction perpendicular to the ellipse major

axis (a = %j the potentials o( < ) and w( < ) will look like

)= [:—ngj

W(g)z_pTR{_g_ 1, @rm)@a+m ¢ }
m¢

m Q'Z—m ' (8)
Then let us write the expressions for the displacements u and U for this case
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Under the simultaneous action of the distributed forces q (o = 0) and p [a = %] the

resultant displacements u and U can be found according to the sum of the obtained relations
(See (6), (7) and (9), (10)).
Having substituted in these formulas instead of & and ¢ the expressions

¢ = p(cos@ +isin 0),

= .. 11

¢ = p(cosd—isin ) (1)
after transformations and simplifications, and taking into account the fact, that on the ellipse
contour p = 1 we will obtain the expressions for ., and u from the simultaneous action of the
forces pand g
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To find the displacements u and U of the elliptic notch shores, let us use the following
relations [7]

=Re(W(C) =5 (€ +E+ T ),

yﬂmM@»:§@=Z+?—%) (14)

Here we will obtain the ellipse contour coordinate points:

x=R@+m)cosé,
y=R@-m)sin 4. (15)

Let us analyse the ellipse with the axis « = 0,012 m and b = 0,003 m, for which
R = 0,0075 m; m = 0,6. Being found according to the formulas (12), (13) at p = 250 MPa;
60=250 MPa; E = 0,71-10° MPa, G = 0,27-10° MITa; v = 0,34; % = 3,9; q = 0; 0,5p; p (JI16T)
horizontal u and vertical U displacements of the ellipse contour points in the first quarter
(6 =0...90°) are presented in Fig. 3, 4.

As it is seen from Fig. 3 under similar conditions the horizontal displacements of the
ellipse contour points u are minus, that is, the ellipse contour is displaced to the left for the
contour points, at 8=90° the displacement being zero for different relations p and g, and in
the tip (6= 0) while g approaching p they being directed to 0 ( here &— the angle with the top
in the ellipse centre, which specifies the position of the ellipse contour points ).
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Figure 3. Horizontal displacement u of the ellipse Figure 4. Vertical displacement v of the ellipse
contours points (a = 0.012 m, b = 0.003 m) along contours points (a = 0.012 m, b = 0,003 m) along the
the major semi axis under biaxial tension (13): minor semiaxis under biaxial tension (12):
1-p=250 MPa, q=0;2-p=250 MPa, 1-p=250MPa, q=0;2-p=250 MPa, q=0,5and
g =125 MPa; 3-p =q =250 MPa 3-p=250MPa,q=p

In Fig. 4 the results of calculation of the vertical displacements U of the ellipse contour
points at 0 <6 <90° according to the formula (12) are presented. Here the curve 1 — the
displacement U caused by the force p (q = 0), the curve 2 — total action of forces p and
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g = 0,5p and the curve 3 — p = g. As it is seen, when the longitudinal forces q are applied, the
displacements U in the minor threshold of the sharp ellipse top (x = ) are increased, and those
close to the ellipse middle part — decrease, that is, they are less than when q is not available
(@=0).

The ultimate equilibrium state of the plate with the small — diameter tip rounding
of the elliptic hole. The solution of the task on the elliptic hole (Fig. 2) has been obtained in
the plastic approach (formulas (12 ), (13)), and the tasks on the cracked plate — in the elastic-
plastic one (taking into account the plasticity area). That is why to obtain the solution for the
cracked plate under the biaxial loading let us take advantage of the combined solutions for the
crack and the ellipse (opened crack).

In the paper [1] the formula for the crack tip opening obtained for the biaxial plate
tension has been presented (Fig. 1). For the plate with the similar crack under single-axial
tension by the intensity forces p in the paper [8] the relations have been obtained

5y ==8lgoeClIn cos 2 ,

20'0

(16)

where oo — adhesion stress in the pre-fracture area modeled by the additional crack Al;

Ot +GB

oo = ot — for the ideal elastic-plastic materials and o, = — for the hardened materials,

where ot and o — the material ultimate yield and strength correspondingly;
2
C= 1 forthe plane stress state and C = 1-v
7-E T

According to the expressions [1] and (16) the values of the crack tip opening are
presented on Table 1 depending on the applied forces p and g (8r). In the last column the
opening calculated according to the formula (16) is presented. As it is seen from the Table,
when the longitudinal force q is increased from 0 to 0,7p under the constant value of the force
p, the crack tip opening calculated according to the [1], decreases. Under the further increase
of g (from 0,7p till p) the crack tip opening increases and at g = p it coinsides with the opening
calculated according to the formula (16) (single-axial tension) [5]. The obtained results,
atq=0;q=0,1p; g=0,5p,q=0,7p and q = p in particular are presented graphically in Fig.5.
As it was mentioned above for the case q = p the opening calculated according to the formula
[1] coinsides with the opening calculated according to the formula (16).

— for the plane deformation.

Table 1. Dependence of the crack tip opening on the applied load

o/p &r, m (formula [1]) 8p, M
oM 0 0.1 05 0.7 10 (formula (16))

0 0 0 0 0 0 0

30 1,772-10° | 1,776-10° | 1,802-10° | 1,838-10° | 1,848.10° 1,848-10°°
60 7,12.10° | 7,117-10° | 7,198.10° | 7,434.10° | 7,519-10° 7,519-10°°
90 1,691-10° | 1,669-10° | 1,647-10° | 1,712.10° | 1,743-10° 1,743-10°
120 | 3,442.10° | 3,282-10° | 3,044-10° | 3,162-10° | 3,241-10° | 3,241.10°
150 7,866-10° | 6,456-10° | 5,087-10° | 5,227-10° | 5,409-10° 5,409-10°
180 - - 8,192-:10° | 8,173-10° | 8,575-10° 8.575-10°
210 - - 1,364-10% | 1,261-10* | 1,357-10* 1,357-10*
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240 - - 3,230-10* | 2,048-10* | 2,368-10™ 2,368-10*
250 3,140-10*
According to the results of carried out analysis (Table 1 and Figure 5) there arises the
need to obtain the alternative solution of the task for the biaxial tension of the cracked plate
(Fig. 1).
Under the biaxial tension of the cracked plate the effect of the forces q on the stress-
strain state at the crack tip threshold will be in the case of:
a) initial opening in the crack tip caused by the method of its initiation marked as 2po;

b) crack opening caused by the forces p —5p (I8D).
Thus, the total tip radius rounding of the loaded crack will be found from the relation

pL=potpp, (17)
59
where pp = )

Let us note, that the parameter p, depends on the applied force p similar to 5p :

As the result we will obtain the ellipse-crack with such parameters:
the major semiaxis

a, = lo+p1, (18)

where p, is found according to the relation (17),
the minor semiaxis

b =yp-U,+p)" (19)

Vertical displacements U of the shores along the crack contour caused by the forces
p (at = 0) are found according to the 0, — model [8] and according to the formula

0(x,0) = cag[(x=1)T(, X, 1g) |- [(x+1)T (1, x,1g)], —1<x<I. (20)

To find the additional vertical displacements under g forces let us substitute in the
formula (12) the values from the (18) and (19) (po = 0,00005 m, p, = 1,57-10* m,
a1 =0,012207 m, by = 0,0015898 m) and other parameters, which these relations include.

In Fig. 6 the results of calculation of the displacement U of the ellipse-crack from its
middle part (a1 = 0) till the crack tip (e1 = 0,012 m) according to the formula (12) taking into
account the mentioned above.

Here, the curve 1 — the contour displacement according to the formula (12) p = 0,
g =250 MPa, the curve 2 — the contour displacement at p = 0, q = 250 MPa, the curve 3 — the
p and g total forces action (p = g =250 MPa).

As it is seen from Fig. 6 under the longitudinal forces g the vertical displacements at the
crack tip threshold increase and being approached to its middle part they decrease.
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Figure 5. Dependence of the crack tip opening on Figure 6. Dependence of the vertical displacements v

the applied forces under biaxial load of the crack contour on the angle :
(p*=250MPa):1-q/p=0;2-q/p=0,1; 1-p =250 MPa, q=0;2—p=0MPa, q=250 MPa;
3-q/p=07;4-q/p=1, 3-p=q =250 MPa. Vertical line — the measuring
5 — by the 8.-model (16), 1-4 — by the formula [1] line of the opening in the crack tip

Thus, the criterion of the crack tip ultimate opening under the biaxial loading of the
elliptical cracked plane will look like

Se =0 +2-0(0,97), (21)

where 5p* — the crack tip opening according to the formula (16) at p = p*;

2-v(0, q*) — the elliptical crack tip opening according to the formula (12) at p = 0, g=q*.

Conclusions. The task on the biaxial loading of the plane with the elliptic defect has
been solved in the plastic statement. The deformation criterion of the critical opening of the
crack tip basing on the solution on the biaxial loading of the plane with the elliptic hole within
the plastic statement and the task on the biaxial loading of the cracked plate in the elastic-plastic
statement, has been proposed. It was shown, that the tensile forces g parallel to the crack major
axis result in the increase of the contour displacements in the crack tip threshold and their
decrease along the minor axis as compared with those under only the tensile forces p.
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YK 539.3

JIBOBICHUH PO3TSIT IIJIACTUHU, TOCJABJEHOI
TPILIMHOIO I'PI®PITCA

Irop Manbko!; Crenan lltaropal; Oaer Manbko'; Haranis LlTaopa?

L\ Disuxo-mexaniunuii incmumym im. I'.B. Kapnenka HAH Yxpainu,
JIvsis, Ykpaina
2 lIvgiscokuil Hayionanbruli yHisepcumem imeni leana Ppanxa, JIveis, Yrpaina

Pe3tome. B pamkax npysicHoi nocmanoeKu po36 a3aHo 3a0ayy npo 0808ICHE HABAHMANCEHHS NIOWUHU 3
eninconodionum deghexmom. Buxopucmosyiouu yeii posg’szox ma oepopmayitinuti nioxio [1, 6], ompumano
PO38 430K 0718 NIOWUHU, NOCIAONIEHO] MPIWUHOIO 3a YMO8 0B808ICHO20 HABAHMANCEHHS 8 NPYIHCHO-NIACMUYHIL
nocmanosyi. Ha yiti ocnosi 3anpononogano Oeopmayiinuii Kpumepii KpumuyHo20 pO3KPUMMs GepuluHu
mpiwunu. [lokazano, wo HaseHicmv po3mMAYIOUUX 3YCUTL, NAPANENbHUX OLIbWil 0Ci deghekma, npusgooums 00
30LIbUICHHS POZKPUMINSL 6EPULUHY MPIWUHU MA 3MEHULeHHS. nepeMiujelb Oepe2ie mpiunu Y3008 MEHWOT OC.

Knwuosi cnoea: eninc, mpiwuna, po3Kpumms Gepuiunu mpijuH, 0808iCHe HABAHIMAICEHHS,
Odepopmayitinuii Kpumepiti.
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