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Summary. The non-axisymmetric thermoelastisity state of the multilayer unlimited hollow cylinder with
the identical Lame coefficients of layers under the action of internal and surface heat sources and non-uniform
distribution of the initial temperature by means of the constructed Green's functions of the thermoelasticity
quasistatic problem is defined. The thermoelastic state of two-layer cylinder caused by normally distributed heat
stream on the external cylinder surface moving along the cylinder derivative is investigated.
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Statement of the problem. Circular cylinders are widely used elements of structures of
modern technology that undergo various thermal actions. To meet a wide range of requirements
for such elements in terms of strength, reliability and durability is possible on the basis of
theoretical investigations of their thermoelastic state taking into account the layered structure
of the cylinder and the complex thermal load.

Analysis of available investigations. The analytical solution of an axially symmetrical
quasistatic thermoelasticity problem for multi-layered long hollow cylinder, in the presence of
surface and internal heat sources and nonuniform temperature distribution at the initial time
moment is developed in [1]. Analytical solutions of non-axisymmetric quasistatic
thermoelasticity problems for multilayered cylinders are obtained only for certain cases of
thermal action, particularly in [2] — under the action of surface heat sources.

The objective of the paper. To develop using the Green's functions the analytical
solution of non-axisymmetric quasistatic thermoelasticity problem for multi-layered long
hollow cylinder with identical Lame coefficients for nonunoform initial temperature
distribution and the combined action of surface and internal heat sources . To test the obtained
solution on the thermoelasticity problem for two-layered cylinder heated by normally
distributed moving heat source.

Statement of the problem. Let us consider in the cylindrical coordinate system
r,p,z, free from external loads the unlimited, on axial coordinate, multilayer hollow cylinder

consisting of nconcentrically located perfectly contacting isotropic layers with similar Lame
coefficients. The cylinder is under convection heat exchange and is heated by internal sources
of heat with density W, (r,gp,z,r) and sources of heat concentrated on the internal r =r, and

external r = r, surfaces of the cylinder surface densities of which are Q,(¢,z,7) and Q, (¢, z,7)
respectively. At the initial time moment z = 0 the cylinder temperature equals T,(r,@,z).

To determine the non-stationary temperature field T(r,p,z,z) we use the thermal
conductivity equation
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T(r,p+27,2,7)=T(r,p,2,7), T >0, if z—> *o, (3)
(4)

T|T:0 =T,(r,,2),

where A(r) i ¢, (r) — are respectively, the piecewise constant coefficients of thermal

conductivity and volume specific heat having the following form

p() = .+ 3 (P~ PIS(r—1). ©)

S(x) — is Heaviside function; r = r. — the surface of division of iand i+1 layers; a,, o, —
coefficients of heat transfer from the internal and external surfaces of the cylinder, respectively;
derivative for r — generalized.

To determine the thermoelastic state of the cylinder we use a system of differential

equations relatively to displacements u,, u,, u,,
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Solution of the non-axisymmetric quasistatic thermoelasticity problem for multilayer cylinder with identical lamé
coefficients

o,=0,=0,=0 at r=r; o,=0,=0,=0 at r=r. (8)
2 10 1 8% &° ou 1(adu ou
Here A=—+>-—+ = +— e=—"T+2| —L4u |+—2%; N=[31+2u]e,(1);

A, u and v —are Lame and Poisson coefficients, «,(r) — is the linear expansion coefficient

having the form (5).
The solution of the nonstationary heat conductivity problem. Turning to
dimensionless values

r z a a,r, L. o fr = 2(r) ¢, (r)
p=E1 é'/:E, F0=r—, Bi, 051) , Bi = En) ) t(p)z igl) ,CV(,O)Z C\(,l) )
_
a=—,
al
~ VZ, W (r,¢,z2,7)r,
Qu(.¢ Fo)= M Qn(go,g,Fo):M, wt(p,(p,g,po):g,
Q Q Q
AT (r0,2,7) AVT,(r,0,2)
t ] y ;FO Z—t ! i y —_ ! ! ,
(p.0.¢ Fo) ar tlp.p.¢)= or ©)
the solution of the heat conductivity problem, in accordance with [3], is given in the form
Fo+o 27 _ _ o - o
t(M,Fo)=[ | IG('V','V',FO—F0]5:1Qn(é,§,F0)d(}5d§dFo—
0-o 0
Fo+0 27 _ _ o - -
~po[ ] [6(M. N Fo-Fol ., Q,(5.C. Foldgal dFo +
0-o 0
Fo 1 40 27 - N _
+[[] [e(m.M,Fo-Fow,(5.5.C.Fo)5ddéds dFo +
0 pg—o 0
1 +027
+HIG('V' M, Fo)c, (5)t(5.5.¢ )P d@dS dj . (10)
- 0
where
2 © _ +0 -
G(m, M ):—ZZ cosk(go—(/))jcosn(g—g)x
k=0 0
= (D(k) 1 I cD(k) ~1 I
XZ (p H 77) (p H 77)| xexp(— ﬂf,m(n)Fo)dﬂ (11)

m=1 Nk(ﬂyﬂ)

|1U:/1k,m (n)
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— the Green's function [3] of the corresponding heat conductivity problem, a, = ﬁfi)/cvi) — the
coefficient of the temperature conductivity of i- layer, Q has the same dimension as Q, and

Q.. (po.¢) and (555) — coordinates of points M and M accordingly,

(o5, k=0
= 1, k=123...

_ B| k? i2 2
N, (1) =2 )[ = = j(fb(k)(l wn)f - (Biﬂ—glf— o "
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©;“p, 11.1) = ~2{(kpy" — Biy ko (1,0, )~
Wik (gl'pi Po ))+ kp71Wk+l,k (gla pO1P)+ bll//k+1,k+1(gll PPy )}’
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Wk,k+1(5i X, Y)= _5i[|k(5iX)Kk+1(5iy)+ Kk(gix)|k+l(‘9iy)]’
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Solution of the non-axisymmetric quasistatic thermoelasticity problem for multilayer cylinder with identical lamé
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‘/’k+1,k(‘9i1X: y)= gi[|k+1(giX)Kk (giY)"‘ Kk+1(8ix)|k(€iy)]’ if b <0;

& :\/m; by = 4* 8 =115 0< 4, () < o (7)<t 5() < oo < 1 () <.

- the roots of the transcendental equation (®/*)(p, 1,77) + Binq)f]k)(p,lu,n)} =0;

p=1
J. (X), Y. (x) —Bessel functions of k order; I, (x), K, (x) —modified Bessel functions of k -
order; derivative on p is marked by prime.
After substituting (11) into (10), we obtain the following expression for the temperature field

2 & tREE H(yn(pg“FO)CD (P/“?)|
t(M,Fo)==% o, x
O 7’ éa) ?[ LE[ N (s,77) 1=ty (1)
x cosk (¢ — @) cosn(& — &)dadcdr (12)

where

4

01,3, Fo) = Y, (11,5, Fo),

D, (u,1,6,¢ FO) =& [T, (5)t,(5,9,)@ (5, s m)pdp

Po

For,

@, (1,6,¢ Fo) = [ [w(5,5,¢ ,&)e ™ D0 Y (5, u,m) pdpdé

0r

3(Bk(ﬂa77’(;vga Fo) = —pOCD(k)(po,lu,n)I@((Z’E,g)e‘/‘z(%—f)df )

(@ (1,6, Fo) =M () [Q,(5,¢ &g de (13)

Solution of the problem of thermoelasticity. The corresponding dimensionless
(1)
displacements T, = U A (i=r,p,z) will be worked out in the form

(2) 2

t n
U—u+a—q’ u,=v+ 1o¥ U—w+a—\P 14
T T e T (14)

Substituting (14) into (6), we obtain the equation for determining the thermoelastic
displacement potential ¥

=7(p)t (15)
and the system of equations for determining u, v, w,
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Ruq_L % u 200 o5 1 10 v 2,
p°op 1-2vpop p° p°Op

1-2vo¢ (16)

where

_ a(p)l+v — &> 10 1% &% . ou 1(ov ow
7(p) = t((ﬁ) , A=—+ et —, & = ( J
a’ 1-v op° pop pop- OF op p\op

The solutions of equation (15) and the system of equations (16) are worked out in
accordance with (12) in the form

\P e
_2& FHEE 6, é.L Fo)l
:V 7[2 kZ;a)k!)._‘[o'([mZ; N(,u,n) ‘,u=/lk‘m(77)

¥ o, 1 ()mJo0Sk(9 = P)cosn(C ~O)|
x4 up, g1 (). Je0sk (9~ @) cosy (¢ —¢) (dpdda,
W o, 1 (7)1 )c0sk (9~ B)sin (¢ ~<)

(& 0, (1,1,3.¢ ,Fo)
mzi N (u, 1)

‘/l:ﬂk,m(’])
x 0¥ (p, g1y (7),17)sin k(9 — ) cosn (¢ — £ )d@dddn . (17)

Taking into account (12), (17) from (15), (16) we obtain an equation for determination
\P(k)

5 2 2
ArH — 7)) (A: d +£i_k__,72j

18
and the system of equations for determination u®, o™ and w'
k k k
Aut) 41 de()—u()—&u(k)zo, Ao - 1 he(k)—ﬁ—& ©=o,
1-2v dp  p* p? 1-2v p p° pt
Z () —Ene(k) =0. (19)

The partial solution of equation (18) can be found in the form
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Solution of the non-axisymmetric quasistatic thermoelasticity problem for multilayer cylinder with identical lamé
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n-1
YO, ) =¥+ (P - (o - p,), (20)

i=1

where

i-1 L i _ i Y
V=—K @)Y 7 A — +
j=1
Q’f(k)‘ _Q*(k)

no j )
L (7p) D 73, o
j=i+l H

_na [ o) - K (mp)-9| lk(np)]
,U P=pi

QW = pnd® (o, 1)1 (10) — [P (0, 11.7) k@ (0, 1) 1, (0)

Q¥ = pp@ (o, 11,m)K ., (10) + [p@1¥ (0, 1,1) =k (0, 1, ) K, (0)

The general solution of the system of equations (19) is found in the form

6

=Z Wy @m.p), ¥ =3 CcWn)y @), w=>CcHn)yNm.0), (1)

p=1

y¥ m,p)=1p), y¥0p) =K. (), y¥0,p)=nol, .,(10),

y @ p)==noK, 1 p); YW, 0) =1 up), Y1, 0) = Ky (10)

y& (1, p) = —npl (o) + [k + 4@ vl . (o), Y% (1, p) =—$ L (7p),

Y& (1, p) = —npK, (np) = [k + 40— V)K,. (), % (1. p) = —%K (np);

Y, p)=~Veap), Y& 01,0) =Ka(o), Y& 0, p) =k +40L—v)l.. (0)

y& . p) = [k + 40— v)Ksmp), Y. 0) == k+1(77p)+$| (o),

1 1
Y&, p) = == Ky,a (np) +—K, (p) .
k np

When k = 0 the values Cg")(r;) (p =1,6) are defined from boundary conditions

rp O-S(p zo-r(zk)zo’ p:po; Grp O-( r(zk)zo’ p=l (22)
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When k =0 the values C”()=C%(7)=0, a C9) (p=14) are defined from boundary
conditions

(0)

o0 - 0 _

-0, p=py; 9=6"=0, 5-1. (23)

It should be noted that the expressions derived for u®, w© coincide with the
corresponding expressions for the axisymmetric problem [1] for the same Lame coefficients.

When u®, v® w® and ¥ are known non-dimensional displacements U, and

. (®)
stresses 5 i A i,j=r,p z) aredetermined according to the following relations
U (i,i=r.ez)
,uat Qr,
5 = 0 027 o 0 (ﬂ,n,(;,é:,Fo)V(k)(P7/lv77)|
v .Fo)=2 S | x
72_2 kZ:O k'(['[o{mzl N(,U,T?) ‘#:/Jk‘m(n)
x cosk (¢ — @) ot = g)d(pdédn R
siny(¢ - ¢)dgdgdy,  s=16
2 w O 02T o 9 (lu177’é,g,[:o)v(k)(p1/u!n)|
Vs(M ! FO)Z_ S i
7[2 kZ:; .([_.[O-(‘;mz;_ N (/J:U) u=py (1)
xsink(p - @) cosn(¢ - C)dﬁﬂdgd"' $=35 (24)
sinp(¢ ~£)dpdldy,  s=9f’

where

VRV VARVARVARVARVAR VS 51 A 1 MO O T SO - A |

m~re!~ ) Y pp! !

Q

[Vl(k),Vz(k),V(k) V(k) V(k) V(k) V(k) V(k) Vg(k)]

3 1Vy Vg Vg V7 4, Vg
(k)7.

—[ul u y), ), 510, 5 )

ro 'z ’O-q)(p’o-zz ’GZ¢]1
K k
U =y 4 d‘;’ ’ U(E)k) N __LIJ(k)1 ugk) —w _U\P(k);
p P

- dp 1—2V_; dp
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coefficients

) 0, Ve b vel du®
o, = + -7"¢% — 7 (p)d" e® = +_(kU(k)+u(k))+T7W(k)’
o 1(do" 1 ey 2k(dw® 1,
ol == ——(u()+ku( ))__ & _Zgw||
2\ dp p p\l dpo p

(k) (k) 1 k 2k
ol 2 Tyt VTN g Z 2 00 _ Ky 2 g0 |
2\ dp dp p P

Substituting in (24) expressions for Gk(,u,n,gz,f, Fo) from (13), we obtain the desired
solution of the thermoelasticity problem similar to (10):

Fo+w027

V,(M,Fo)= [ [ [U,(M,M,Fo-Fo),,Q,(# ¢, Fo)ds dZ dFo -

-0 0

Fo+027

~po | [ JU.M, M, Fo-Fo),, Q,(7.Z, Fo)dp d dFo+

0-»0

Fo 1 +027

+ _H“'US(M,M,Fo—Izo)wt(ﬁ,é,f,Eo)5d5d5d5d|50+

0 pg—o 0
1 4027

+ [ [Ju.M.N,Fo)s, ()t (5.5.5)5dadl dp (25)

Po—* 0

where

X

~ 2 & &V umoM (5, e
U.IM,M,Fo)=— s
(.M. Fo)= 2ol N (z07)

‘/—lzﬂk,m(”)

xcosk((p_(;){cc?sﬂ(éu—é)dgdé?n,s = 2,4,7,8}’
sinn(¢ —¢)dpdsdn,  s=16

—/tzFO

X

~ 2 &tV 0, @™ (5, un)e
UM M Fo)= 53> N(ﬂ(n)
0 m= )

‘/l:ﬂk,m(”)
_ _ [ cosp(¢c - &)dpdcdn, s =35

xsink(p - - -

sink(¢p m{sinn(g—g)dgzdgdn, 529} (26)

- Green's function of a non-axisymmetric quasistatic termoelasticity problem for multi-layered
long hollow cylinder when there is no power loads.

Investigation of the thermoelastic state of two-layer cylinder, caused by the moving
normally distributed heat stream. As an example, we consider the cylinder heated by moving,
normally distributed on the external surface thermal flow with density described by the relation
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Q,(p, ¢, Fo)= exp(— IZ[sin2 o+ (g“ - UgFO)Z])S(COS(D)COS(D , (27)
where k — the coefficient of thermal flow concentration; v, — the velocity of the center of the

heating spots in the axial direction.
Nondimensional temperatures and stresses in the two-layer cylinder (n=2) were
investigated in the cross-sections going through the moving centre of the heating spot

(¢ =v,F0) perpendicular to the cylinder axis at ¢ =0, /12, z/6, /4, =/3 for different

time moments. The calculations are carried out according to the following parameters: v, = )
L AV =1; AP=01622; 5 -1; & —o0a313; Biy=1, Bi,=0; p,=08; , —09; p,-1;
k=4; a”/a=0339; , —0,33.

Certain results are presented in Figures 1 — 8, where curves 1 — 4 correspond to
Fo=0,01; 0,05; 0,1; 0,2 .

It is evident from the investigations that the nature of the temperature distribution for
@ =0 (given in [3]) and at other ¢ values is the same. When ¢ increases the corresponding

temperatures decrease. At Fo > 0,2 the quasi-stationary mode occurs.
If 0 <o <z/12 and Fo < 0,01 the radial stresses &, (their behaviorat ¢ =0 isshown

in Figure 1) in the middle of each layer are tensile. In course of time, they change into
compression stresses in the first layer, including the contact area. Moreover, the compression
area in the second layer increases with the time increment. At other ¢ values, the behavior of

radial stress is significantly different. Particularly when , = /3 stress in the middle of each
layer is tensile to Fo =0,1 value inclusive.

The tangential stresses o, at Fo>0,05 for considered values ¢ are compressive in

the first layer (except ¢ =0, because in this case 0,, = 0). At Fo <0,01 depending on ¢ they
can be both compressive and tensile. In the second layer at 0 < o < /6 they are tensile in the
middle of the area adjacent to the external surface for all time moments. When ¢ = /4, /3
and Fo < 0,01 these stresses are tensile in the middle of each layer. The behavior of stresses

O, is shown in Fig. 2

2 1

\ 0 -
/,

T
b
N\ 1/

RN

"
B
-0,002 \\\3
-
AN

—-0,004 N -0,006 \Y /
-0,006 -0,008 =
4
-0,008 -0,01
0.8 0,85 0,9 0,95 Yo, 0.8 0,85 0.9 0,95 Y2

Figure 1. Dependencies of stresses &, on the

Figure 2. Dependencies of stresses Erw on the
coordinate O at ¢ =0

coordinate O at ¢ = /12

The behavior of tangential stresses &, and o

2o » Which are mostly compressible, is

depicted in Figures 3 and 4. Note &,, =0 when ¢=0.
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Solution of the non-axisymmetric quasistatic thermoelasticity problem for multilayer cylinder with identical lamé
coefficients

If the character of behaviour o, (Fig. 5) and &, (Fig. 6) at »=0 is the same, then
the numerical values of the corresponding stresses differ significantly. Thus, on the distribution
surface, the maximum values of the compressive stresses &,,, are almost half, and the tensile

ones are almost twice as large as the values of axial stresses. Moving apart from the heating
centre the redistribution of stresses occurs. It is shown in Fig. 7.8.

Oz 52@
1 o 1
0 — >
2_L—" IR R
—
V\ / —0.005 ——
- 0,005 < 5 3
-0.01
3 / / . —]
- \ ) ——
i ~ -0,015 y)
-0,015 -0,02 \"\
4
-0,025
-0,02 0,8 0,85 0,9 0,95 p
0.8 0.85 0,9 0,95 0

Figure 3. Dependencies of stresses &, on the

Figure 4. Dependencies of stresses 52(/, on the

coordinate O at ¢ =0 coordinate O at ¢ = /12
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0,05 \\\‘\ 2
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P 2
—-0,05 __,_——.__.3____ \Q —0,15
-0.1 N 4
4 -0.2
-0,15
0,8 0,85 0,9 0,95 £ -0,25
0.8 0,85 0.9 0,95 yod
Figure 5. Dependencies of stresses O, on the Figure 6. Dependencies of stresses &, on the
coordinate O at ¢ =0 coordinate © at ¢ =0
5(/,¢ O3z _'_2__________
0,02 M 0,05
4
2 3 \ 0.04
0,01 \\\3\\\ 4)____/ 3
\ 2 0,03 T————T——_—]
) \ \ T
0 \N < 0,02 — |
2 2 S
-0,01 \ 0,01 \“--..
. N o [ S e O
——
-0,02 \
0.8 0,85 0.9 0,95 £ -0.01
0.8 0,85 0,9 0,95 £
Figure 7. Dependencies of stresses O ,, on the Figure 8. Dependencies of stresses &, on the

coordinate O at ¢ = /3 coordinate O at ¢ = /3
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The obtained investigation results conform to results presented in [2].

Conclusions. The solution of a non-axisymmetric quasistatic thermoelasticity problem
for the multi-layered long hollow cylinder with identical Lame coefficients which enables to
investigate the influence of geometric and thermomechanical characteristics on the
thermoelastic state of a cylinder under different laws of environment temperature changes,
density of heat sources and initial temperature is obtained. The solution is given through the
Green's functions for the corresponding thermoelasticity problem. Numerical results are given
for two-layer cylinder heated by normally distributed on the external surface heat stream
moving along the cylinder derivative. The subject of further investigations is the construction
of the solution of the corresponding non-axisymmetric thermoelasticity problem for the
cylinder under different Lame coefficients.
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YK 539.3

PO3B'SI30K HEOCECUMETPUYHOI KBABICTATUYHOI 3A JAYI
TEPMOIPYKHOCTI IJIAA BATATOIIAPOBOI'O IUJITHAPA 3A
OJHAKOBHUX KOE®IIIEHTIB JIAME

Bopuc Mpowmox!; Bosogumup Cunrora?

Ynemumym npuxnaouux npobnem mexauixu i mamemamuxu
im. A.C. Iliocmpueawa HAH Yxpainu, Jlveis, Ykpaina
2JIveiscokuii nayionanbhuti ynisepcumem im. leana @panka, Jlveis, Yrpaina

Peztome. 3a Oonomozoro nobdyoosanux @yuxyiu Ipina xeasicmamuynoi 3a0aui mepmonpysicHocmi
BUBHAYEHO HEOCeCUMEMPUYHUL MEPMORPYICHUL CMAaH 0a2amouiaposo20 HeoOMedNCeH020 HNOPOACHUCTHOZO
yuninopa 3 oonakogumu Koeghiyienmamu Jlame wapie 3a Oii éHympiwHix ma nogepxHegux Odcepen menia i
HEPIGHOMIPHO20 PO3NO00iLy hOYamKogoi memnepamypu. JoCriodceno mepMOnpydICHU CMan O0B0UAPOEO20
YUniHOpA, 3YMOGIEHUN HOPMALHO DPO3NOOLICHUM HA 308HIWHIL NOBEPXHI YUNIHOPA NOMOKOM Menid, SKUull
PYXaemuvcs no meipHill yuninopa.

Knrwouoei cnosa: bazamowaposuil yuninop, mepmonpysicHicme, gyurkyii I pina.
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