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Summary. The method of studying the dynamic stress state of elastic media with tunnel cavities under the
non-stationary load as the system of concentrated forces, which are applied in the internal points of media, is
developed. On the basis of the application of the Fourier transformation of time variable and the modification of
the method of boundary integral equations for the case of the first exterior problem, the integral equations are
written. The integral equations kernels are of the Cauchy type. In the paper for determination of hoop and radial
stresses the analytic representations have been constructed. Applying the proposed in the paper method high
accuracy of calculations in the study of transient processes is provided. On the basis of the proposed method the
dynamic stress state of elastic media with tunnel cavities of different cross-sections under the impulse concentrated
load is investigated.
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Statement of the problem. Strength calculation of objects located in the areas of
extreme seismic activity must be carried out taking into account the effect of the transitional
processes of dynamic load. That is why application of the complete spatial-time picture of the
stress state of the object, caused by the nonstationary load in the solid bodies, makes possible
to provide its reliability.

Solving of non-stationary dynamic problems for the solid fracture bodies with the
cavity-like defects is one of the most complicated in mechanics, as it needs to apply time
transformations along with the methods of the fracture mechanics. That is why the problem of
investigation of the dynamic stress state of solid bodies, softened by the cavities of the random
constant cross-section, is the pressing problem from both the theoretical and practical points of
view.

Analysis of the available results of investigations. To investigate the procedure of the
dynamic processes in the limited bodies with the cavities-like defects and cracks in the papers
by Chen G.M., Shahani A.R., Zhang J.Y., etc. the direct numerical methods of the finite
differences and finite elements, were used. The advantage of such methods is that of the
possibility to be used for the bodies with the random boundary and the defects of the random
shape. Besides, the main disadvantages of the direct numerical methods are caused by the need
of quantification of the motion equations in the whole body area, which being under the quick —
changing load, requires the narrowing of the quantification net in order to provide the accuracy
of calculations.

The papers by Guz O.M., Zozulya V.V., Kubenko V.D. [1] are devoted to the analytical
solutions of some types of dynamic problems. Here, taking advantage of the Laplace time
transformation and the series method, the analytical solution of the problem on the investigation
of the effect of the axis-symmetric non-stationary load in the continuous elastic plate with the
circular hole, was obtained. But due to this method, the analytical solutions are possible only
for the case of the circular holes or cylinder cavities, which make the engineering needs less
effective.
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In the paper [2] the method of investigation of the dynamic stress state of the multi-
connected media with the tunnel cavities of random cross-sections, based on the Fourier
transformation according to the time and the modification of the boundary integral equations
method, was developed.

The objective of the paper is to develop the analytical-numerical method for the
investigation of the dynamic stress state of bodies with the tunnel cavities under the non-
stationary load as the system of concentrated forces applied in the internal points of the
medium, which would make possible to investigate the stress distributions along the cavity
boundary and to study the distribution of the radial stresses in the medium.

Statement of the task. Let us analyse homogeneous isotropic medium with the
Young’s module E and the Poisson’s ratio v, which has a tunnel cavity of the constant cross-
section. In the case of the plane deformation let us mark the boundary counter of the cavity in

the plane x;0x, as L. The area occupied by the body is marked as Ox;x,x;, in the center of

the body weight, having directed the axis Ox; along the axis of the cavity (Fig. 1).
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Figure 1. Model of elastic medium and cross-section of medium

Let us study the distribution of the dynamic stresses on the cavity boundary and the
radial stresses in the medium under the system of concentrated impulse forces P; = (P1 a1 4 j)

applied in the points (alj; azj).

Analysis of the available information. Having applied the Fourier transformation [3]
f@x, 0)= [ flx, e,

to the motion equations of the classic theory of elasticity [4], we will obtain the equations:

m; | 7 .
a—m’+bj+(02puj =0, (1)

xm

which are similar to those of the stable oscillations with the cyclic frequency ® [5]. Here

Gmj, bj, u; —the Fourier description of stresses, mass forces and displacements.
To investigate the non-stationary process in the media with the cavities the method of
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boundary integral equations is modified basing on the mutual application of the main
principle of the weighted residual approach [6], the method of boundary elements [7] and the
collocation method [6].

For the first main task the boundary conditions in the area of the Fourier
representations are presented as follows [7]:

ij:pja (2)

where p; =omn,, — the Fourier representation of the known functions on the boundary, n —

the normal vector.
According to the weighted residual approach [6], taking into account the motion
equations (1) and the boundary conditions (2), we can present:

aam' 2 ~ * - -~ *
J [ axj+bf+wzp"f}fdﬁzf (P =Pl ®
L

Q m

where u:- — the fundamental solution of equations (1). Having integrated twice in parts the

first component of equations (3) and having used the collocation method for the first main
task, we can present potential representation for the displacements as follows:

T Q

where up — displacement representation in the A-direction, U ,; — the fundamental functions,
which correspond to the displacement in the k-direction, caused by the unit forces in the

~

J-direction, p; = ;9 s Pl — unknown potential functions, &, j =1, 2.

The expressions for representation of functions U,-J*- are chosen taking into account the
Zommerfield conditions [5] as follows [2]:

. 1 Gy
U; :E(KO (k)3 +K—%j(Ko(‘<1”)_Ko (Kzr))]’ )

where «; =i/, k, =i®w/c, — wave numbers, K,(r) — modified Bessel’s function of the
third type zero order (or the McDonald’s function), ¢;, ¢, — the rates of wave expansion and

shear, ¢ =\JA+21W)/p,c.,=u/p, A, 1) —  the Lame’s constants,

Fe \/(x1 —x))* +(x,—x7)* — distance.

Having substituted the representations [4] in the formulas for finding stresses [4]
taking into account (5), we will obtain the integral dependences:

G, = J'f] (x,xo)pjds; Ty = J.gj (x,xo)pjds ,
L L
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where f;, g;, j=1 2 —the known functions [2]. Having separated the irregular components

in the sub-integral functions and having applied the Plemell-Sokhotsky formulas [4] during the
boundary transition, we will obtain the system of integral equations for finding unknown values
on the boundary of the functions p1, p2:

%Req+v.p.{(fl(x, Xo)qu+f2( )ng

v

gj}( L(x %)+ £, (x, x°)b ) de;
(6)
J; .

SN——

( (% x°)b+ g, (x, xb)E)dQ

where b=b, +ib,, q=i-pdL/d{, p=p,+ip, — the unknown function. Here the integrals

will be treated as those of the main value (meaning)
In the case, when the dynamic stress state of the medium is caused by the system of the

concentrated forces P; = P +iP(® applied in the internal points (a,;,a,;), j =1, J , the vector

%|mq+v.p._[(gl( )qd§+gz(x X ) )

of the volume forces can be presented as follows:

N N
b, = z Rj0(x —ap;)d(x; —ay5), by = z Py 8% —a4;)8(%; —ay;)-
=1 =1

The system of integral equations (6) will be solved numerically basing on the approach
[8], which is based on the method of the mechanical quadratures. Here, for the integrals with
the Cauchy type kernels, the specified quadrature formulas are used [9]. Application of the
algorithm [8] makes it possible to build the system of the linear algebraic equation for finding
unknown values on the functions boundary.

Having substituted the potential representation [4] in the formulas for finding the hoop
and radial stresses [4], we can present:

o

Ge:%Req+v.6.{(h1(6, x°)qdg +hy (5, XO)qu)+i(h1(6, X" Jo-+hy (6, " )b ) d;

or :j(jl(x xo)qd§+£2 (x, xo)qdz)+£(il(x, xb)b+£2 (x, xb)E)dQ;

L

(7)

where h;, f; — the known functions [10], xb=(alj; azj) — the points cross-section

coordinates, in which the concentrated dynamic forces are applied.
To find the originals obtained, basing on the formulas of stresses [7], the discrete Fourier
transformation is used, which under the numerical calculations is realized due to the rapid

discrete Fourier transformation basing on the Kulli-Tuki algorithm [11] at K = 2¥, where k —
the whole positive number.

The results of investigations. Taking advantage of the developed method, let us
investigate the distribution of the dynamic hoop stress on the cavity boundary with the circular,
half-circular and arched cross-sections. During the numerical calculations it was assumed, that
the concentrated dynamic forces are applied in the points (+1.5a; 0), where a — the radius of
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the circular hole. The origin of coordinates was located in the weight center of the cavity cross-
section.

Under the numerical calculations the change of the concentrated forces intensity was
assumed to be a weak impact impulse [12]:

—OxT

fo(t) = pet™e ", 1> 0;

where p., n., a. —constants, r =c,t/a — dimensionless time parameter. The determination of
stresses were performed for the interval of the dimensionless time parameter z <[0; 8] at the
impulse duration t.=2.

The numerical calculation were performed for 80 nodal points on the boundary of the
circular cross-section and 120 points for the non-circular one. The calculations of the dynamic
stresses were performed for the medium of p=7,8-10% kg/a® density, the Young’s modulus
E=2,0-10° MPa and the Poisson’s ratio v=0,27.

In Fig. 1 the results of the numerical calculations of the relative hoop stresses G, on the
boundary of the tunnel cavity of the circular (Fig. 1, a), half- circular (Fig. 1, b) and arched
(Fig. 1, c) cross-sections are presented. Here 6, =, /c,, Where oy =1 [T7la.

Time snapshots of the hoop stresses for the case of the half-circular and arched cross-
sections are presented in Fig. 2, aand Fig. 2, b at the values of the dimensionless time parameter
t=0.5; t=0.75; T =1correspondingly

During stresses calculation for the description of the cavities boundary shapes those of
half-circle and the arch one, the dependences as the series were used for the comformal
depiction of the circle on the given area [5].
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Figure 2. The distribution of relative hoop stresses on the boundary of circular, half-circular and
arched tunnel cavities
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Figure 3. Fixed time snhapshots of hoop stresses on the boundary of half-circular and arched cavities

The values of the relative radial stresses in the cross-sections being in distance of
d=2a; 4a; 6a; 10a from the center of the circular cross-section cavity on the axis Owx; and

Ox,, are presented in Fig.3,a and Fig. 3, b, correspondingly. During the numerical
calculations it was assumed, that 6, =, / 5.
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Figure 4. The distribution of relative radial stresses in the internal points of medium with
tunnel cavities of circular cross-section

It is seen from the Fig. 3, that the obtained calculation results of the circular and radial
stresses correspond well to the main principles of the wave mechanics: the stress values equal
zero up till the wave approaches the corresponding cross-section. This fact testifies the
reliability of the developed method.

Fig. 1 and Fig. 2 demonstrate, that the hoop stresses on the boundary of the cavity
depend greatly on the shape of the cavity cross-section. In the case of cross-sections possessing
“angle” points, the maximum values of stresses originate in these points.
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Conclutions. Taking advantage of the developed method, based on the mutual

application of the Fourier transformation, weighted-residual approach, the method of boundary
integral equations and collocations, will make possible to obtain the complete spatial-time
picture of the stress state of media with the tunnel cavities of almost random cross-sections.
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METO/J BU3HAYEHHS TUHAMIYHUX HAIIPYXEHD Y
CEPEJOBUIIAX 3 TYHEJIBHUMH ITOPO’KHUNHAMMU

Oaena MikyJiu; Bacuis IIIBad’ ok

Jhyyokuii nayionanvhul mexuiunut yHieepcumem, Jlyyvk, Yrpaina

Peztome. Po3pobreno memoo 6usHaAueHHA OUHAMINHUX HANPYIHCEHL Y HNPYICHUX Cepedosuax 3
MYHENbHUMU NOPOICHUHAMY 3a Ol HeCMAYIOHAPHO20 HABAHMAdCeH . [lOCiONCeHHA OUHAMIYHO20 HANPYICEHO20
CMAamny npoeedeHo O0isi BUNAOKY, KOIU Y 6HYMPIUWHIX MOYKAX cepedosuya NPUKIA0eHd CUCIeMd 30CePe0NCeHUX
sminHux y waci cun. Ha ocnogi 3acmocysanns nepemeopenns Qyp'e 3a uacom, 36adiceHo-3a1umKo6020 nioxooy,
Memooy KonoKayii ma moougixkayii memooy epaHuyHuX iHMe2parbHUx pieHAHb 015 8UNAOKY neputoi OCHOBHOI
3a0au4i 3anucano iHmespanbHi PIBHAHHS, A0pa AKUX Marome ocodrueocmi muny Kowi. 3acmocysanus memooy
MEXaHiuHUX Keaopamyp 3a 4ucio8020 po3pPaxyHKy O0ai0 MOICIUGICIb 36eCMU HECAYIOHAPHY 3a0aiy MeXaHiku
0ehopmisHo20 meep0o2o mina 00 Po38 S3aHH CUCMEMU JIHIIHUX PIGHSIHb 0151 BUSHAYEHHS HeBLOOMUX (DYHKYIIL.
Busnauenns kinoyesux ma paoianvHux Hanpydlicenb npo8oOeHO HA OCHOGI NOOYO08aAHUX Y POOOMI AHANIMUYHUX
npeocmasgiens, wjo 3a0e3neuye UCOKy MOYHICING PO3PAXYHKIE 34 GUKOPUCMANHSA PO3POONEH020 Memody npu
0ocniodceHHi nepexionux npoyecie. Pospaxynox opucinanié OUHAMIMHUX HANPYICEHb NPOBEOEHO HA OCHOBL
3acmocysanis 06epHeH020 OUCKpemHozo nepemsopeniss Pyp’e, Wo 3a HUCI08UX PO3PAXYHKIE Peani308aHo 32i0HO
3 aneopummom Kyni-Toroki. Bukopucmogyrouu 3anpononosanuii y pobomi memoo, 00CHiO#CeHO OUHAMIYHUU
HANPYIICEHUTI CMAH NPYICHUX CepedoGUUy 3 MYHETbHUMU NOPOICHUHAMU PI3HUX nepepizié 3a Oii iMnyIbCHO20
30cepedaicenozo nasanmadicenns. Ha ocnoei uuciosux po3paxynkie 6ugueHo eniue hopmu nepepisy nopodsCHUHU
Ha po3nooin Kinbyegux HanpyxceHv Ha ii epanuyi. Ilobydoeano uacosi 3pizu nonie Kinbyegux OUHAMIYHUX
HAnpyJIcenb HA 2paHuyi NieKpy206020 ma apkogozo nepepizy. Pospaxoeano snauenns OuHamivHux paoianbHux
HAnpysicens y BHYMpIuHIX nepepizax cepe0osuud. 3anponoHosanutl y pooomi Mmemoo mMoxice 6ymu UKOPUCMAHUL
071 00CiONCeH s nepebicy HeCMAYiOHAPHUX NPOYECI8 Y NPYICHUX CepedosULYaX.

Kniouosi cnosa: necmayionapna 3a0a4a, myHenbHa NOPOJICHUHA, 30Cepeddicena Cud.
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