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Summary. The calculation of the structural elements and mechanisms strength is one of the most
important stages while their developing. Initial deformations are almost always available in the structural
elements and machine parts. Stresses being initiated can cause their fracture and accelerate some phase
transitions, corrosion in particular. To raise the accuracy of calculations the initial deformations must be taken
into account. In the article the solution of the axesymmetric contact problem of the ring punch pressure on the
preliminary stressed thick plate, being modeled by the elastic semi-space were obtained. The effect of the punch
shape and the nature of the initial deformations on the distribution of the contact stresses under the punch was
analysed.
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Introduction. The calculation of strength of the structural elements and mechanisms is
one of the most important stages while designing them. To determine the strength and durability
of the contacting bodies, it is necessary to calculate the contact stresses. To minimize the error
the maximum number of factors affecting their interaction must be taken into account. The
residual deformations, affecting the contact stress directly being taken into account, is the factor
of the paramount importance.

Analysis of the latest investigations. The problem of interaction of rigid punches and
elastic bodies with residual deformations was delt with by many scientists, Ukrainian in
particular. The contact problems for the bodies with the initial deformations for the certain
shape of the elastic potential were studied by Arutyunyan N.Kh., Alexandrov V.M,
Smetanin B.1., Filipova L.M., etc.

In general, the statement of such problems requires the envolvement of non-linear theory
of elasticity complex, but the initial deformations being sufficient, its linearised option can be
chosen. The fundamental results of the linearised theory of elasticity were obtained by the
Ukrainian scientist, Academician of NAN of Ukraine Prof. O.M. Gooz [1 — 2]. The papers by
his followers S.Y. Babich, N.B. Rudnytsky, P.P. Grygorenko, V.M. Nazarenko, Y.P. Glukhov,
A.O. Ramsky, M.M. Dikhtyaruk, O.M. Panasyuk, etc., and other Ukrainian and foreign
scientist, were devoted to the further development of the theory of the contact interaction of
bodies with the initial stresses [3 — 7].

In spite of the continuous increase of the investigations on the contact interaction of
bodies with the preliminary stress state, which has resulted from their pressing importance for
both foundamental investigations on the contact interaction of bodies and for their application
in many branches of industry, the problems of pressure of the parabolic and ring-parabolic
punches on the preliminary stressed semi-space or sphere have not been solved yet within the
linearized theory of elasticity for the stressed and non-stressed bodies in general form at the
random structure of the elastic potential.

The Objective of the presented paper is to show the developed method for
constructing solutions of the axesymmetric problems for finding the stress state in the
preliminary stressed thick plate under its contact interaction with the rigid ring punch. To
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investigate the effect of the punch shape and initial deformations on the distribution of the
contact stresses and vertical displacements under the contact interaction of the punch and plate.
Statement of the task. Let us analyse the axesymmetric problem of the rigid ring punch
pressure on the elastic semi-space with the available residual deformations.
The punch is created while turning round the mutual axis the branches of two parabolas

with the focal parameters R, and R,, conjucted in the tops by the straight line section

perpendicular to the rotation axis. The parabola axes, limiting the punch, are parallel to the
mutual rotation axis, which coincides with the line of the force P action.

The punch is pressed into the semi-space progressively without rotation and friction
with the constant force P.

Let us choose the cylindrical coordinate system Oré&z so, that the coordinate plane rO68
coincide with the boundary plane of the semi-space, and axis Oz — with the line of the force P
action (Fig. 1).

Let us assume, that the internal

radius a and the external radius b of the

P contact area are known, and determine the
corresponding them focal parameters of

the parabolas R, and R,. Due to the

problem statement we can describe the
~ function, the graph rotation of which round
----- the axis Oz the punch was created, which
looks as follows:
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Figure 1. The scheme of the punch and semi-space
contact interaction 1 (r _r )
b

2R,

Let us consider the residual stresses, initiated in the semi-space, to be homogeneous. In
this case we can use expressions for the components of stresses tensor (1) — (2) and the
displacements vector (3) — (4).
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The limiting conditions of the stated task will look like:
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o,(r,0)=0,0<r<oo; (5)
0,(r,0)=0,0<r<a,b<r; (6)
u,(r,0)=w(r),a<r<b. (7

Let us find the function «(r), which describes the displacement of the boundary plane

points of the elastic semi-space in the area of its contact with the rigid punch. Having used the
presentation for the function W (r) , we will obtain

o(r)= 1 @
[

o+,
where 1, = ‘"‘2 25

In this problem the condition of the vertical displacement equality must be introduced
additionally r=r, and r =1, thatis, o(r,)=o(1,).

The problem solving. Having satisfied the boundary condition (5), we will obtain the
relation between the unknown function F, and F,

Fl ==, Fz . (9)

Taking into account (9), the (2) and (4) will look like:

0, (1,0) =G (L m) (s 5,)1, [ @R, 3, () de (10)
0,(r,0) =) [ e 5 (ar)dar (11)
z ! \/E . 2¥0

Having satisfied the boundary condition (6), we will find

Cu (1+ ml)(s—so)ll_[a3F2J0(ar)da =0,0<r<a,b<r. (12)
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Let us introduce the unknown function x(r), a<r <b, using of which we will continue
the relation (12) in the segment 0 <r <oo:

o (14 M) (5-5,)l [@*FJ, (ar)da = x(r)[n(r-a) -5 (r-b)], 0<r <. (13)

The function x(r) specifies the contact stresses distribution under the punch. Having

taken into account their continuety, as well as the fact, that the contact is not available on the
area boundary (at r=a Ta r=b), let us present x(r) as the segment of the generalized

Fourier’s series:
N
x(r)=2 a,L,(r), (14)
n=1

where Ln(r)zJO(ﬁero(yn)—Yo(ﬁr]Jo(yn); 7, — positive root of the equation
a a

JO[EXJYO(X)—YO(EXJJO(X)=0; a, — unknown coefficient.
a a

Having applied the reserve formula of the Hanckel integral transformation to the relation
(13), we will obtain the expression:

1 NGO
a’F, = a,|rL,(r)d,(ar)dr,0<a<w. 15
2 c44(1+m1)(s—so)lln§‘ ! (r) 3o (ar) (15)

Having used the relations (11), (15) and the boundary condition (7) after some
transformations we will obtain

kan;anIQH (a)[JO(ar)—JO(aa)]da =, (r),0<r<r; (16)
klgan]o.d)n(a)[Jo(ar)—Jo(ab)]da=a);(r), t<r<b, 17)

here

rL dr =

@)= e
yi-(aa) fiza { { (2 jY° ( jJﬂYJ}Jﬂaby—
—[3(7)Yo (7)) =Y2 (72) 30 (72) ] %6 (aa)} _

In the latter expressions the following symbols are used:
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%[(ra—r)z—(ra—a)z},a£r<ra; _21R (rb—b)z, L<r<r;
o/ (r)=1" 2 o=y, 2
_ﬁ(ra—a)  LSr<ng; Z—RZ[(rb—r) —(r,-b) ]rbgrgb.

Having multiplied the relations (16) and (17) by rL, (r) and having integrated them in
r from a to b, we will obtain as the result of their adding

N o]

Zanjcbn (a)[ @, (@) -KPI, (aa)-KP I, (ab) |da =
oo (18)

n b b
here K =erq(r)dr, K =Iqu(r)dr; le.[rwf(r)Lq(r)dr, W, =Irw;(r)Lq(r)dr

Having used the method of superposition and having introduced the symbols

_1 (l) * (2) * . *_ 1 . *_ 1
an—k—[an Rl +an R2:|, Rl _§1 RZ—E,

1 1 2
(19)
from (18) we will have two independent systems of linear algebraic equations (SLAS) relatively
the unknown a'” and a'”.
The values R’ in the relations (19) will be found from the condition of the punch balance
and equality of the vertical displacements of the boundary plane of the semi-space at r =r, and

r=r

b
Zﬂ_[ro-zz(r,o)drz—P; (20)

Having introduced the symbols p, = R'*k2_7|:r>’ i=1,2 from the relations (20), we will

i
1

obtain the equation system relatively the unknown p, and p,

N

N
p 3 AM ¢, 3 M =

n=1N n=1 . (21)
) Z[a(”M (2)}—(@ ~a) }+p2 {Z[aﬁz)Mf)]ﬂrb —b)z} =0,
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b ®©
e M@ =ern(r)dr, M 2 =jq>n(a)(ao(aa)—ao(ba))da.
a 0

Having solved the system (21) and having found the unknown p, using (19) and (14),
we will obtain the function of the contact stresses distribution under the punch

P N
o, (r,0)=x(r)= Z—{Z(af)pl + ar(f),oz)Ln (r)} : (22)
T n=1
From the relations (11) and (15) the formula for finding the points vertical displacements
of the semi-space boundary plane can be obtained.

- z[( p, +al” )J.q)n(a)\lo(ar)da}. (23)

0

Analysis of regularities of the punch shape and available residual deformation in
the semi-space effect on the distribution of the contact stresses and vertical displacements.
Let us analyse the effect of the availability of the plane area in the punch base on the distribution
of the contact stresses and the nature of the vertical displacements.

In Fig. 2, 3 the graphs of the functions ¢~ and u” are presented for the case of the ring-
parabolic punch, when the residual deformations in the semi-space are not available, and the
constant contact area (a =0.5, b=1.5) is available as well as different values of the parameters
r, and r, . The curves 1 are constructed for r, =r, =1, the curves2 —for r, =0.9, r, =1.1, the

curves 3—for r, =0.75, r, =1.25.

r i 1
qQ 0.9 : r
0.1
3
%
2
-0
1
*
)
Figure 2. Distribution of the contact stresses for Figure 3. Vertical displacements for different
different I, and I, values r, and I, values

To solve the problem (5) — (7) it is necessary to provide the internal a and external b
radii of the contact area correspondingly, and the radii of the parabola curvature, due to the
rotation of which the punch was created, are found while solving according to the relations (19)
from the system (21). But in order to study the effect of different factors, the initial stresses in

particular, on the contact stresses, it is necessary to find a and b dependingon P, R, R, and
the features of the residual deformations field k;. The procedure is similar to the case of the
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parabolic punch [3]. Let us analyse the example of the ring-parabolic punch, when
R, =R,=0.2, r,=r, =1, which are pressed into the semi-space having the Bartenev —

a
Khazanovych potential.
Let us choose 3 unit values for the parameters a and b with the step 0.1 and find
values p, and p, corresponding them, which do not depend on the features of the residual

deformations field. Having used the relations (19) and (21), let us find corresponding them
values R, and R, for the case, when the residual deformations (4, =1) are not available in the

semi-space, and when the residual tension (4, =1.2)) deformations are available, as well as the
case, when the residual pressing deformations (4, =0.8) are available in the semi-space. For
every of the analysed cases, using the approximation of the cubic of the Mathcad medium, the
functions, specifying the dependence R, (a,b) and R, (a,b), are constructed. The solutions of
the equation system R, (a,b)=R,, R,(a,b)=R, specify the parameters of the contact area
corresponding to the given focal parameters of the parabolas R, and R,, the force P and
features of the residual deformations field k; .

-0.4

Figure 4. Contact stresses for the case of the Figure 5. Contact stresses for the case of the
harmony-type potential Bartenev-Khazanovych potential

Let us analyse, for example, the case of the punch without the plane area in the base
rr=r=1and R =R,=0.2. Then for 4, =1 we will have a=0.859 and b=1.181, for

A4 =12 —a=0.866 and b=1.172, for 4, =0.8, a=0.817 and b=1.233. The constructed

functions for the found a and b due to the formulas (22) and (23) specify the distribution of
the contact stresses and vertical displacements for the fixed R, R,, P and different 4, and

make possible to analyse the effect of the residual deformations field.
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Figure 6. Vertical displacements for Figure 7. Vertical displacements for the case of the
the case of the harmony-type potential Bartenev — Khazanovych potential

In Fig. 4 — 7 the distribution of the contact stresses and vertical displacements, when the
elastic harmony-type potential and the Bartenev — Khazanovych potential are available in the
semi-space, is presented. The dotted curve corresponds to the case, when the residual

deformations (4, =1) in the semi-space are not available, the curve 1 — when the tension
deformations are available (4, =1.2), the curve 2 — the pressing deformations (4, =0.8).

In Fig. 8, 9 the dependence of the extreme values of the contact stresses and vertical
displacements of the points of the semi-space boundary plane in the case of the ring-parabolic
punch pressure is shown. The curves 1 correspond to the non-pressed semi-space, when the
elastic Bartenev-Khazanovych potential is available, and curves 2 — to the compressed semi-
space of the harmony-type potential. All curves are constructed for the case P =1,

R=R,=02,r =r=1.
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1 Figure 9. Extreme values of the vertical
Figure 8. Extreme values of the contact stresses displacements for the case of the ring-parabolic
for the case of the ring-parabolic punch punch

In Fig. 10 the dependence of the difference d =b —a, specifying the sizes of the contact
area of the ring-parabolic punch with the preliminary stressed semi-space on the 4, parameter,

that is, on the features of the initial deformation field, is presented. The graphs are constructed
forthecase R, =R, =02, r, =1, =1,
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Conclusion. As the result of the
d numerical experiments it has been
determined, that the punch shape affects
sufficiently the value and the nature of the
contact stresses distribution. For the ring-
parabolic punch the extreme values of the
contact stresses are reached being more
close to the outside boundary of the
contact area, and the appearance of the flat
area in the base causes the growth of the
absolute value of contact stresses. The

s 0.9 1 11 x tensile residual deformations, being
1 available in the semi-space, cause the

Figure 10. The contact area size for the case decrease of the contact area, the increase
of the ring punch of the absolute value of the contact forces

and the decrease of the vertical
displacements. The value of the changes resulted depends on the type of the elastic potential,
the elastic potential of the harmony-type, for example, being available, the available 20 % of
the tensile deformations causes the growth of the contact stresses only by 1 %, and in the case
of the Bartenev — Khazanovych potential — by 5 %. The available pressure residual stresses in
the semi-space, in its turn, results in the expansion of the contact area, the decrease of the
absolute value of the contact stresses and the increase of the vertical displacements. Thus, in
the case of the elastic potential of the harmony-type the 20 % pressure decreases the normal
stresses by 10 % and increases the vertical displacements by 15 %. Here, in the case of the
Bartenev — Khazanovych potential, the normal stresses are decreased by 25 %, the vertical
displacements are increased by 40 %.
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BIIJIUB TIOYATKOBUX JE®OPMALINA TOBCTOI IIJINTHU HA Ii
KOHTAKTHY B3AEMO/IIO 3 KIJIBIIEBUM HITAMIIOM

I'puropiii I'adpyces; Ipuna I'adpyceBa; bopuc LlenecroBebkui

Tepnoninbcokuu HayionanrbHuu mexHivHuu ynigepcumem imeni leana Ilynios,
Tepnoninw, Yrpaina

Pe3tome. /[na usHaueHHs MiyHOCMI Ma 8UMPUBANOCTNI KOHMAKMYIOUUX Mil HEOOXIOHUM € 0OUUCTenHs
KOHMAaKmuux Hanpysicenv. LL[o6 minimizyeamu noxubxy, HeobOXiOHO 6paxo8ysamu MAaKCUMAIbHY KilbKicmb
YUHHUKIG, WO 6NAUBAIOMb HA IX 63aeMO00il0. YpaxyeauHs 3aiumkosux Oegopmayit, siki Oe3nocepeonbo
BNIUBAIOMb HA KOHMAKMHI HANPYHCEHHS, € OOHUM I3 KIO408ux ¢hakmopis. Y cmammi npooemMoHcmposano
PO3pobAEHY MemoouKy noOyo0osu po38’a3Ki6 0CecCUMEmpPUYHUX 3aA0ayd BUSHAYEHHS HANDYICEHO20 CMAHY 8
nonepeoHbo HANPYIICEHill MOBCMill Naumi npu ii KOHMAKMHIU 83aEMOOIT i3 JHCOPCMKUM KLIbYEBUM UIMAMNOM, A
MAK0HC O0CAIONCEHO 8NIUE POPMU WMAMAA MA NOYAMKOBUX OeopMmayili Ha po3NOOLL KOHMAKMHUX HANPYIHCEHb
ma 8epmMUKAIbHUX NepemMilyeHb Npu KOHMAKMHil 63aemo0ii wmamna ma naumu. CniegiOHOWEHHs, o ONUCYIOMb
HAanpysiceHo-0epOpMOBaAHUIl CIMAK Mil i3 NOYAMKOBUMU HANPYIHCEHHAMU, HABEOEHO Y PAMKAX NiHeapu308aHol
meopii nPys’CHOCMI 3 GUKOPUCIMAHHAM BI01iK08020 Memody. [106y008y aHanimuuHux po3e s3Ki6@ KOHMAKMHUX
3a0au 01 NONepeoHbO HANPYI’CEHOI MOBCMOI NAumu NpOBOOUNU UWLIAXOM I MOOeNo8aHHs NONEPeoHbo
Hanpyscenum nisnpocmopom. Cucmemu napHux ma NOMPiUHUX iHMeZParbHUX PiBHAHb, WO NPU YbOMY OMPUMATU,
PO38’A3Y6ANU 34 0ONOMO20I0 NPEOCMABNeHHs UYKAHUX (QYHKYIU Yy 6uensiol 6iopiskie psody 3a JIHIUHUMU
Kombinayiamu Qyuxyit beccens 3 Hegioomumu KoeiyicHmamu ma noOAILUUM OMPUMAHHAM CKIHYEHUX cucmem
JIHIUHUX aneebpaiynux pieHsanv 0as ix giowykanns. Ompumano QYHKYii po3nooiny KOHMAKMHUX HANPYIHCEHDb i
nepemiujeHv 01 epaHuyHoi niowunu nienpocmopy. Ilpoananizoeano eniue gopmu wmamna ma xapaxmepy
nOYamKosUx degpopmayii Ha po3nooil KOHMAKMHUX HANPYIICEHb NIO WIMAMIOM.

Knrouosi cnosa: konmaxmui HanpyjicenHs, no4amrosi depopmayii, Kinbyesuil wmamn, moecma niumd,
nienpocmip.
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