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Summary. The elastic deformation of the plate in the form of a circular cylinder under the action of a
smooth stamp contacting with the plate along the entire surface of the upper base is considered. The work deals
with the finding of the critical areas of a deformed circular cylinder, undergoing a constant axial deformation
under the action of the compressive load. The top of the cylinder is pressed by a smooth, absolutely rigid parabolic
stamp that moves vertically and contacts with the entire top of the cylinder. Lower base is free of loads. As a
criterion of strength the Mises energy hypothesis is taken. The Eri function is represented in a trigonometric form
using the Bessel functions of zero and first order. The analytical formulas for components of the stress tensor for
the investigated body of rotation are obtained, as well as the function of the potential energy of the form-change
in accordance with the Mises energy hypothesis. The adequacy of the constructed mathematical model is checked
by the method of finite elements.

Key words: short cylinder, stamp, axisymmetric deformation, strength fourth hypothesis, Bessel functions.

Received 16.04.2018

Statement of the problem. The problems on the rotation bodies happen to be often
solved during the engineering calculations. In such cases simplified equations of the elasticity
theory are usually analyzed taking into account the symmetry of the bodies in question. Besides,
the assumptions are introduced, at which these problems are treated as the most simple cases.
But such an approach results in very sufficiently approximated solutions of the problems on
finding the stresses and displacements in these bodies under deformations. To investigate the
strength of the deformed bodies the hypothesis of strength are used, one of which is the energy
(the fourth) hypothesis. The presented investigation deals with the finding of the critical areas
of the body being deformed under rotation, the circular cylinder in particular, which is under
the axisymmetric deformation, taking advantage of the energy strength hypothesis. The
function of stresses is found as the trigonometric series, which makes possible to satisfy the
conditions on the side surface of the cylinder [2].

Analysis of the latest investigations and publications. The multilayer cylinder-like
structures are being widely used in the space, oil and gas engineering [3, 4]. The application of
the relations of the spatial theory of elasticity to the study of such structures makes possible to
obtain more reliable picture of the stress strain state. For example, in the papers [4, 5] the
problem on the stress state of the loaded circular cylinder is solved taking advantage of the
Fourier-Bessel series.

In the paper [6] the elastic cylinder of the finite length is analyzed taking into account
its own weight, on the lower base of it the conditions of the smooth contact are provided, to the
upper base of which the axisymmetric normal load is added and the side surface is the stress-
free. The solution of the corresponding differential equation is constructed as the Fourier series
due to the Jacobi polynom.

In the paper [7] the cylinder being in the axisymmetric stress state, which can be treated
as one of the layer of cylindrical structure, is analyzed. Taking advantage of Bessel function the
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analytical solution of the problem on the cylinder stress has been obtained, which can be used
while solving the problem on the stress-strain state of the multilayer cylindrical bodies.

The paper [8] is devoted to the theoretical investigations of the deformation damage
under the axisymmetric deformation. The authors use the Mises criterion as the fracture
criterion. The modeling is carried out by FEM using the structure ANSYS. The available results
of the experimental investigations of the cylindrical blanks deformation by the stamp are
presented in the paper [9].

The objective of the paper. The objective of the investigation in question is to identify
the most dangerous areas of the circular cylinder being deformed by the stamp; to obtain the
analytical expressions for the function specifying the structure strength according to the
strength energy criterion; to find the most dangerous from the strength point of view areas of
the deformed cylinder; to carry out the systematic analysis of the function behavior, which
describes the potential energy of the form change. Numerical experiments have been carried
out basing on the software package MAXIMA.

Statement of the task. The circular cylinder of R radius and 1 length, the axis of which
coincides with the axis Oz and is under the axisymmetric deformation as it is in the [2], is
analyzed. The cylindrical coordinates system z,r,@, originating in the middle of the layer base,
is used. In this case r,,, r,, are likely to be identically equal to zero, the other stress tensor

components and the displacements vector do not depend on the angle 6.

The top of the cylinder is pressed by a smooth absolutely rigid parabolic stamp, which
moves vertically and contacts with the entire top base of the cylinder. The lower base is free of
stresses. Similar to the [2] it will be considered, that on the side surfaces of the cylinder there
are normal displacements, which equal zero as well as their derivatives along the vertical
coordinate. The corresponding boundary conditions look like:

w(r,1)=f(r), 1)
r,(r,0)=0, o,(r,0)=0, (2)
w(R,z)=0. ©)

It is considered, that y = f(r) — is the equation of the line describing the stamp in the
final position. Let us assume, that the function f(r) is similar to the parabola
y = p(r—R)?/R?, where p - the maximum deflection of the top and p = f(0)

After finding the stresses bi-harmonic function ¢ all non-zero components of the stress
tensor and displacement tensor are found due to the formulas [10]:

0 , 0% 8( , 10g
o, =—|W -——F |, o, =—| VW -
' 52( v GrZJ ’ oz o
0 o2 P 52 4)
o, =—| (2-v)V? __(p; 7, =—|(1-v)V? ——(D;
z az(( )V2p azj ; aZ[( WVip-
2 2
2u(r.2) =~ 2L 2um(r,2) = 20-1)v2p - T2, ©)
oroz 622
2 2
Here it is marked Vv? =a—2+13 8—2.
or ror oz
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The precise solution of the stated problem is unknown. The approximate solutions for
the cases of the long cylinder, short cylinder and “cubic” cylinder, the diameter and the height
of which are the values of the same order, are built additionally [1].

Analytical solution of the problem. Let us use the solution for the long cylinder, in
which the Bessel functions are applied. The function ¢(r,z) will be found as the trigonometric

one due to the cosines (as it was done in the [11]). The function ¢(r,z) will be bi-harmonic, if
o(r, z) = cos(k2)[b, I, (kr) + ¢ krl, (kr)], (6)

where 1g(kr), I;(kr) — the generalized Bessel functions of the zero and first orders,
correspondingly, and by ,c, — the random constants.
The expressions (5), taking into account the expansions (6) for the displacement

functions u(r,z), w(r,z), will look like
2,(r, z) = sin(kz)[c, krl , (kr) + b, 1, (kr)], @)
2:mi(r, z) = cos(kz)[((4c, L —v) + b, )1, (kr))+c, krl, (kr)], (8)
and the components of the stress tensor according to the system (4) will look like:

o,(r,z)= %kz sin(kz)[kr(c, @ - 2v) + b )1, (kr) + (c,k?*r* —b, )1, (kr)]

o,(r,z)= %kz sin(kz)[krc, (L 2v) 1, (kr) + b, 1,(kr)] 9)

o,(r,z)=-k*sin(kz)[(2¢c, (2 - v) + b )1, (kr) + ¢ krl, (kr)]
z(r,z) = —k*sin(kz)[(2c, (1 - v) + b )1, (kr) + ¢ krl, (kr)]

Further let us be limited only by the same k =1 and substitute the obtained expressions
in the boundary conditions. The conditions (2) are satisfied identically:

o,(r,0)=—sin0-[(2c,(2-v) + b)), (r) +c,rl,(r)]=0,
7, (r,0)=—sin 0-[(2c,(1—v) +b)1,(r) +c,rl,(r)]=0.

The condition (3)
2im(R, z)=cosz-[(4c,d-v) +b)I,(R)+c,RI,(R)]=0,

will be satisfied, if the random constants are connected by the relation

_ v p h(R)
bl—cl(4(v 1) RIO(R)j (10)

from the condition (1) we will obtain the equation

2:mw(r,1)=cosl - [(4c,A—v) + )1, (r)+crl (r)]= 24 (r).
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From here we will write the function f (r), which will describe the shape of the stamp
surface:

f(r):zc—Lcosl'{rll(r)—R%lo(r)}, (11)
0

the graph of the function f(r) at R=1, £ =0.5,¢; =1 is presented in Fig.1.
As it is seen in the figure the surface of the stamp is similar to that parabolic one. The
value of the constant c, will be found from the equality of the maximal deflection of the value

p

p=f(0)=-—cosl-R L(R) :
2p I, (R)
r
02 04 06 08 1
0
01
2]
03]
4]
f(r]

Figure 1. Form of the surface of the stamp f ()

from here it follows, that

C, =

2u f(o)_{ 1, (R) }

cosl RI,(R) |
(12)

cosl RI(R)

o _ 21 f(O)'{4(1—v)IO(R)+ Rll(R)}

As the values of the random constants have been calculated, all components of the
displacements vector (7) — (8) and stresses tensor (9) of the axisymmetric deformation of the
circular cylinder can be found.
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The results of investigation the function of the form change potential energy.

The energy theory of strength is based on the assumption, that the amount of the form
change potential energy, accumulated till the ultimate state of the material is reached, is similar
to that both under the complex stress state and under the simple uniaxial tension. If the strength
condition due to the Mises energy hypothesis [10] is presented as the components of the stresses
tensor in the cylindrical system of coordinate, taking into account the fact, that the components
7,,, T,, €qual zero identically, we will obtain the function of the potential energy similar to that

in the [11], which will look like:

c"'=F(x,y,2) = \/(O_r+o-6 +0,) —3(ar0¢9 ‘0,0, +0,0, — T}, ) (13)

As all the components of the stresses tensor (9) can be written in the real appearance

a,(r,z)=%sin(z)[r(cl(l—2v)+b1>lo(r>+(clrz —b)1,(N)

o,(r,z)= %sin(z)[rcl(l— 2v)1,(r) +b, 1, ()]

o,(r,z)=—sin(2)[(2c,(2-v) +b) 1, (r) +¢,rl,(r)]
Ty (I’, Z)= —Siﬂ(Z)[(ZCl(l—V) +b) 1 (r)+c,r |1(I’)],

Figure 2. Graph of the potential energy functionat R=1, £=0.5,¢, =1
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s,

r

c)

Figure 3. Distribution of stress tensor components: a) density of the cylinder’s stresses O'(r, Z);

b) density of the cylinder’s stresses O'(I‘, I’); ¢) density of the cylinder’s stresses O'(Z, Z)

Here the constants are specified by the expressions (12) and the Bessel functions are
specified by the tables, then the function of the potential energy has been found.

Let us analyze the numerical problem: The equation of the lower surface of the stamp
in the final position is considered to be described by the function

f(r)=2C—LcosI -{rll(r)— R :1?;; Io(r)},

the values of the random constants correspond to the expressions (12). In Fig. 2 the graph of

the function of the potential energy (13) at the values of the stamp parameters
R=1 4 =0.5c, =1 is presented.
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The reliability of the constructed mathematic model will be checked by the method of
the finite elements, having plotted the sizes of the area net pegging-out 50x50. In Fig. 3 the
distribution of the stress tensor components is presented

Conclusions. A circular cylinder being under axisymmetric deformation was analyzed.
The coefficients of the expansion of the Eri stresses function in a trigonometric series over
cosines with the use of the Bessel functions of zero and first order were found. The analytical
developments of components of the displacement vector and the stress tensor in the
axisymmetric deformation of the circular cylinder were determined, as well as the function of
the potential energy of the form-change in accordance with the Mises energy hypothesis. The
most dangerous in terms of the strength of the area of the circular cylinder are identified. The
reliability of the constructed mathematical model is checked by the method of finite elements.
In the future it is planned to carry out a detailed numerical analysis of the positions of maximum
stresses while deforming simultaneously both of the cylinder bases. The obtained results are
also planned to be generalized in the case of multilayer cylinders made of various materials
used, for example, in the gas industry.
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VJIK 539.313

YUCEJBbHO-AHAJITUYHUIA PO3B’S130K 3AJIAUI ITPO
AE®@OPMALIIO KPYT'OBOI'O HUJITHAPA 3 BUKOPUCTAHHSIM
®YHKIIN BECCEJIA

Tersina lltedan; Auapiit 3acoBeHKo

3anopizokull HaYiOHAIbHUL MEXHIYHUL YHIgepcumem, 3anopixcoics, YKpaina

Pestome. Posensiymo npysicry 0eopmayito Riacmuny y su2isiol Kpy208020 yuiiHopa nio i€t anaokol
MeMOpaHu, KA KOHMAKMYE 3 NIACMUHOI0 8300824C YCi€i nosepxHi 8epxuvoi ocHosu. Poboma nposodumscs 6
HANPSAMKY 3HAX0O0NCEHHSL KPUMUYHUX OLISIHOK 0ehOPMOBAH020 KPY208020 YUNIHOPA, WO 3HAXOOUMbCSL 8 NOCMIUHIN
0cbo8iti dehopmayii nio 0i€l0 CMUCKYIOU020 HAgaHmadicenHs. Bepxiska yuninopa namuckaemuvcs 21aokoio,
abCcoNOMHO HCOPCMKOI0 NAPABONIUHOI0 NEYAMKOI0, AKA PYXAEMbCS 6EPMUKANLHO | KOHMAKMYE 3 YCIEI0 8EPXHBLOIO
yacmunoro yuninopa. Huoichs ocrosa sinvha 6i0 Hasanmaoicens. Beasicaemucs, wo y=f (r) — DIBHAHHA NiHIT, AKA

onucye wmamn y Kinyesiti nosuyii. Taxodc eeadicacmuvcs, wo @OYHKYiS Y = f(r) onusvka 00 napabonu

y = p(r—R)*/R?, de p — maxcumanvhuii npozun 6epxuvoi ocrosu ma p = y(0) . Ax xpumepiti miynocmi
3acmocogyemucs enepeemuuna cinomesza Mizeca. @ynxyis Epi npedcmaenena 8 mpuconomempuynin ¢opmi 3a
donomoeoro  @yukyiti Beccena HYy1v08020 ma neputozo NOpAOKY (p(r, Z):COS(kZ)[kaO(kI’) + ckkrll(kr)].
Ompumano ananimuuui Gopmyau 01 KOMHROHEHM MEH30pA HANPYiceb 00CAI0ICY8AH020 MiNa 0bepmans, a

maxodic pyHKyisn nomenyianbHoi enepeii hopmosminu 8i0nogiono 0o enepeemuunoi cinomesu Mizeca. I1io uac
YUCENIbHO20 PO36 A3KY 3A0a4i MU G8ANCAMUMEMO, WO DIGHSHHS HUIICHbOI NOBEPXHI WMAMNA 8 KIHYegoMy

NOJIOJICEHH] ONUCYEMbCA QYHKYIEN f(r):c—lcosl- fl,(r)-R 1, (R) I, (r) 31 3HAYEHHAMU NAPAMEempié wmamna
2 ! I,(R) °
R=1 ¢, =1. Koegiyieum Ilyaccona dopisnioe 0,25, modyns scyey — 0,5. Yucenvro snaiioeno natinebesneuniuii 3

MOUKU 30py MiyHoCmi obaacmi Kpyeoeoco yuninopa. Aodexeamuicmv noOy0068anoi mamemamuynoi mooeni
nepesipsicmvcsi Memooom cKinuenux enemenmis. Ilpeocmasneni ¢ cmammi epaghiku Qynxyii nomenyianvHoi
enepeii popmosminu 6Kasyromsy Ha Hebe3neuni 3 mouKu 30py MiyHocmi OLIAHKU KPY208020 yuainopa. Ompumani
pesyivmamu  NAAHYEMbCA  Y3A2ANbHUMU Y BUNAOKY 6A2amouiaposux YuniHOpie, 6ULOMOBNEHUX 3 PI3HUX
mamepianis, AKi 4acmo UKOPUCTNOBYIOMbCA 8 NPOMUCIOBOCHII.
Kniwouoei cnosa: xopomxuil yuninop, wimamn, ocecumempudna oegpopmayis, eHepeemuyHna 2inomesd
Miseca, ¢pynxyii Beccens.
Ompumano 16.04.2018

B0 e b ISSN 2522-4433. Scientific Journal of the TNTU, No 2 (90), 2018



