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Summary. The model of an orthotropic deformable body based on the representation of stresses in terms
of displacements is considered. The method of integration of three equations of the elastic equilibrium is used,
based on the elimination of separate displacements. Problems related to the elimination of unnecessary functions
from the representation of the general solution of the equations of the theory of elasticity are considered. Criteria
are found that determine such a class of orthotropic materials that their stress-strain state can be expressed in
terms of two functions. One function satisfies the equation of the second order in partial derivatives, and the other
of the fourth order. It is established that the equation of the fourth order, in the general case, is not decomposed
into two operator factors. Criteria were found for the expansion of a fourth-order equation into the product of two
second-order equations. An equation has been written that must be satisfied by the elastic constants of an
orthotropic material. The expression of deformations and stresses by introduced harmonic functions was written
down.
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Statement of the problem and analysis of the available investigation results.
Orthotropic materials are widely used in various elements of building, engineering and
technological structures [1, 2]. Mathematical calculations of elastic equilibrium of prismatic
orthotropic bodies have been carried out since the middle of the nineteenth century [2]. Mainly
simple stress states of orthotropic prismatic bodies bending and twisting without using the
general solution of the orthotropic body equations were investigated. Analytical methods for
calculating orthotropic materials by means of symbolic calculations are considered in paper [3].
In order to simplify the investigation of stress distribution, it is necessary to construct general
representation of the stress state in orthotropic body described by three equilibrium equations:

0 3 0 3 2
Lui+— Z Dy —u, =0 0
ivj jk k L=>Ty— . — (1)
axj k=1k=j aXk J kz::l J 8X|§ J = 113
. Dy Ti L
where the values of elastic constants ¢, ~I¢ are given in [4].

The coefficients of equations system (1) contain 9 independent constants Bk = Ti |

Gk _TkJ, By k= 1§ K 1=13 141 Changing these constants, various orthotropic, as well as
transversely isotropic and isotropic materials can be described. Representations of the solution
of equations (1) by three functions that satisfy the second-order equations in partial derivatives
are found for transversely isotropic materials in [5, 6]. We know the solution of equations (1)
for orthotropic body by three functions [7], each of which satisfies the equation of the sixth
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order in partial derivatives, so that there are two additional functions. Elimination of redundant
functions from the general representation of solution is complex mathematical problem. Thus,
the well-known solution of Lame equations of the theory of elasticity isotropic body obtained
in 1932 by Papkovich and Neiber [8] independently, contains one extra function and it is as
follows

U:‘; A1 V)grad[lP-"XV/l-l'y‘//z-l'ZV/s], (2)

where 1/7= wi+w,] K is vector, Wj, ] :1’3, ‘Y are four independent harmonic functions,

V is Poisson's ratio. It should be noted that in order to solve the known problem of isotropic
prism twisting, it is necessary to use all four functions (2). In paper [9], the general
representation of the stress state of isotropic body which does not contain redundant functions
IS constructed.

u=grad P 4(1 v)®k+rotQk, ©)

where P=20+¥: ® ¥ Q gare three harmonic functions. It is proved that any solution of
Lame's equations can be represented in the form (3).

Representation of the equilibrium equations solution for a wide class of orthotropic
materials, which does not contain redundant functions is given in papers [4, 10].

The purpose of research is to construct the mathematical solution of the equation
system (1), for combinations of orthotropic coefficients which are not considered in [4, 10] and
to find orthotropic materials whose stress-strain state can be expressed by harmonic functions.

Construction of the solution of equation system describing elastic equilibrium in
orthotropic theory of elasticity. Let us consider the stress-strain state (SSS) of statically loaded
three-dimensional orthotropic body. Let us use the matrix of elastic orthotropic coefficients in
Cartesian coordinate system (X1 “h K=Y K= Z) and write down the representation of stress
components by deformations in compact form [4]

3
= B. ] _
O Z‘I ik €k Tkj :GMYM’ k = j k,j:1,3 (4)

. Bix Bi =By _— . L
where the values of coefficients K, =K K of the orthotropic stiffness matrix are given in

Gyi : . : . -
[4], M are the shear moduli of the orthotropic material [1]. Deformation components Ykl,
©i=Vi are expressed by known Cauchy relations [1, 2]
ou — ou,  0uj = :
=0 =1, =+ —L Kk j=13 k=
€j axj J 7l aXJ an ) : (5)

After mathematical transformations, we simplify equation (1) to the system of three
differential equations in partial derivatives [4]
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Representation of the stress state of some orthotropic materials by three harmonic functions of three variables

0 1 0 1
v kU = —Lju; . (6)
X X k=j k j=13
Lt
where operators ! are as follows
o’ : : —
Llj:kaLj_Djijmy’ k=j=m,jkm=13. (7)

i
1

It is shown in paper [4] that if all operators L] given by relations (7) are not equivalent
to each other, then the solution of the system of equations (1) can be presented as

0 1
u, =—1JI L,®
) OXj k| k (8)

where @ is the unknown displacement function satisfying the sixth-order equation with partial
derivatives. It is also determined that representation (8) is not fulfilled in case when one of the

1 _ o1 ] .
conditions L = SlLJ, k=], k,j=13 is valid for operators (7).
Let us consider the case omitted in [4], when the dependences are satisfied for operators
(7)

L, = 51L11, Ly = SZLll’ (9)

S SR k=12

where X, are unknown parameters. Let us divide the first operator equation

62

2
(9) into coefficients near the derivatives 0%3

and derive three equations

, equate the expressions near the same derivatives,

-1 -1 -1
Dioty” =By =Ciol1” Doy = Bop —Groly, S1=61K0 (10)

_% Qz%

Kl =
Dis

where Gag . After multiplying the first and second equations (10) we obtain the
quadratic equation by the desired parameter &1

2 2 2
B11G12C1 —(B1By +Gip — Di3)E; + By Gy =0 (11)

From the solution of equations (10), (11) we determine

=g >0 K== ——— (12)
2 2 2 2
b =By By +Gp —Diz. D=b —4511522612, D>0

where
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If D20 then the dependent parameters will be &1, *1, G23, D23, S1, which are
determined from equations (10) — (12). Let us choose independent parameters

Bi1: Bi2, Gz Baa | 833, 613, Dis only 7 orthotropy coefficients.
It follows from the above mentioned that the operator equation (9) will be satisfied if
the following conditions are true for the orthotropy coefficients:

G D G
G—23612 =By D, 2 Gy, =By -D,

13 13 , 23 D23

D3
(13)

After taking into account the dependences (10), (12), the first two operators included in
equation (6) are as follows

1 1 1
Ly =& Gy D23A1, Ly = D13G12A1’ (14)
Where
82 2 62 G
Aq Cl > X1= =2
axl 6x2 ax3 Gy

0 0
A[—Uuy—-s;—u,]=0
1[8x2 1 18x1 o] (15)
which solution is
U, =S$ 82(D+ u—62®+ 16
! 18x16x3 P T2 OX0X3 2 (16)

. . : T . Ao =
where @ is unknown function, and functions ?j satisfy equation (15): 19 O.
Let us substitute dependence (16) into equation (1), take into account conditions (9),
(10), (13) and obtain a system of two equations

D 00, 8([)2
—[|—4(1)Jr D] = =% [D13 + Dy —=

o2 o2 02 o¢ o9

—{81D13 —5 + Dpg —53® + Lgu ———[D LD, —2

ox2 1013 ox2 23 ox2 Y v (17

where the notation is entered

2 2 2
a0 . Bm O Gy o
Ly =CiBuAs, oxf  CiBy ox5 By ox§ _
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Representation of the stress state of some orthotropic materials by three harmonic functions of three variables

Since the function © does not depend on the functions ?i , then the right-hand sides of

equations (17) will be zero. From this condition we define functions ?i
oy oy
¢1 =Dy —L ¢, =—Di3 — (18)
0Xa OX  Apy; =0

From the system of equations (17) with zero right-hand side, the defining equation is
found in partial derivatives of the fourth order for the required function ©
1 2 2

o d o°
{Lsls =Dz —5[81D13 —5 + Doz —5 130 = Q@ =0 (19)
OX3 X1 X5

B11Ga3

Where

o o o o o4 4
Q=—4+P2——5 5 +tP3_7tPs + Ps + Pg
axf' 6x128x§ 8x§' 8xf8x32 6x§6x§ 8x§' (20)

B B

-1 B2 22

P2 =C1+G Ps = Pa=3"+—(Bp-2—
By By

Gy3 1 22 Bas
= G+ (B33By —x1Dj3) pg=—"*
B B11C1Ci3 Bi1

Ps

Let us use formulas (16), (18) and find expression of displacements

B o o’d o _ 1

1 +K1D13 U, = — U3
0% 0X3 Xy OX30% 0Xq D3

1 1
It should be noted that the solution (21) obtained in the assumption is Ls # Soby.
Let us take into account the representation of displacements (21) and determine the
deformation by formulas (5), and find the stress by formulas (4).
The representation of solution (21) does not contain redundant functions, since function

O satisfies the equation of the fourth order, and the function V1 satisfies the equation of the
second order, which is equivalent to three functions satisfying the equation of the second order
on partial derivatives.

It is determined that in contrast to equations with partial derivatives of two variables or

two expressions of derivatives, the operator (20) of the fourth order of three variables Xk,

k=13 contains three independent derivatives and, in general case, is not decomposed into two
operator factors.

Proof by contradiction. Let us assume that in the general case there is the decomposition
of the operator (20) into two factors (operators) of the second order with valid coefficients.
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62

After dividing each factor by the corresponding coefficient near the derivative ox{ , two
second-order operators will have two independent coefficients, respectively, and operator
(20) — five independent coefficients. Since we cannot choose four coefficients in such a way as
their combinations was equal to five coefficients, then this equality (in the general case) is not
be fulfilled. We have received a contradiction that proves the statement. The case of complex-
conjugate coefficients is proved in similar way.

Let us find under what additional conditions the operator (20) can be decomposed into
two factors. Let us suppose that there is such decomposition into two factors with valid
coefficients. Then for the operator (20) we write down the following equation

o2 02 0% 02 o2 o2
Q:AZASZ( 2+C.32 2+X2 2)( 2+C.>3 2+X3 2):
0Xq OX5 OX3 OX{ OX5 OX3 29
% a* a* a% a* % (22)

= + h2 + 3 + h4 + h5 =+ 5
6x14 8x126x§ 6x§1 axfax?? 6x§6x§ 6x§'

where Cj, g are actual coefficients,

h, =G, TC3 =Gl hy=xatxs h5:X2C3+X3C2, e =213

Let us compare the coefficients near the same derivatives in operators (20) and (22) and

obtain the system of five equations in order to find the decomposition coefficients: Cj, Xj,

j=23

hj=pj j=26 (23)

Let us write down separately the first and second and third and fourth equations (23)
and reduce them to quadratic equations

B B
(- Pala +—2=0 y5-pgry+—2=0
By 1 By ,
and have found their solutions:
1B +JD
Ga=(t=2 , _PaEND 24
C2=0C1, Bll1X2 2 ,X3:p4—X2, (24)
D-p}-42%
where Bi1  The fourth equation (23) is as follows
Ps =72C3 + %382 =%2(P2 = C2) + C2(Ps —x2) (25)
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Representation of the stress state of some orthotropic materials by three harmonic functions of three variables

Taking into account conditions (24) and mathematical transformations of equation (25),
we obtain the following additional equation

B B 1B
Ps(Pa P — Ps)— Pa” =2 = =2~ (" —2)° (26)
Biu By B1y

which sets a constraint on the values of orthotropic parameters 613, D13, at which the
decomposition is possible (22).
Equation (26) is satisfied for transversely isotropic material.
Let us set down the notation of operators (14), (22) with coefficients (24)
02 o2 o2
o 8xf+cjax§+xjax32 1=13 (27)

Let us consider the expression of the second-order operators (27), included in
representation (22) and write down the solution of equation (19), (20)

P=vy2+y3 AJWJZO j:1’3_ (28)

Let us use representation (28) and write down displacements (21)

2
s 0 (W2+W3)+K oy,

0° 0
Up=$ u, = (v2+vys3) Oy

0%10X3 . 0X, OX90X3 0%y

_ 1
Uz ——D_23|—4(\V2 +‘I’3). (29)

Let us take into account expressions (29) and determine deformations by formuli (5)

_ P (vatyy) %y _ % (wa+vyy) A%y
€1 = Sl > + Kq €y = > —
OX{ OX4 OX10X5 OX50X3 OX10X5

6By A oy +vs)
4

83:

(W, +ya) 0° a2
1o = (51 +1) Vo +VY3 e Vi oYy

1
a° 02 B o(y, +ys3)
Y13 = $1 5 (W2 +y3)+Kg Y1 _ 518y Ag——2—3
X18X3 6X26X3 D23 aXl
3 2
0 B o(yy+ys3)
Yo3 = > (W2 +y3)— Vi &b Ay 213

OX50X3 0X10X3  Dy3 OXo
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Let us substitute the expression of deformations (30) into formulae (4) and find the
stresses.

Let us consider transversely isotropic material for which: *1=1 Bi1=Bz &3 =1
$1 =1, The expression of displacements follows from equations (12)—(14), (27), (29)

_Pwatvs) vy _9°(Watvs) 0w

ug Uz
OX%10X3 OXo OX50X3 OXq
0%y, 0*y3
Ug=m +m
3=my ox2 3 ox2 (31)
1 oy ;
m; =—(Byx; —Ci3) -1

®j = =23 .
where . If we introduce notation 03 ] 2’3, then representations

(31) have coincided with the displacements given in [5, 6] for transversely isotropic material.

It should be noted that the proposed approach and obtained formulas make it possible
to set and solve the corresponding boundary value problems and determine of three-
dimensional stress-strain state of different orthotropic bodies.

Conclusions. The solution of equations for the theory of elasticity of orthotropic body
can be simplified by imposing some restrictions on the ratio of the shear modules and the
modules of perpendicular expansion. Criteria determining such class of orthotropic materials
that their stress-strain state can be expressed by two second- and fourth-order functions are
defined. The obtained equations depend on seven independent elastic constants describing
orthotropic material. It is determined that equation of the fourth order, in general case, is not
decomposed into two operator factors. The equation is obtained that must be satisfied by the
shear modulus of an orthotropic material so that the fourth-order equation can be decomposed
into the product of two second-order equations.
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YK 539.3

INPEACTABJIEHHA HAITPYKXEHOI'O CTAHY JEAKHUX
OPTOTPOIIHUX MATEPIAJIIB TPbOMA I'APMOHIYHUMH
O YHKIIAMMU BIJl TPbOX 3MIHHHUX

Biktop PeBenko

Inemumym npukiaouux npooaiem Mexaniku i Mamemamuxu
imeni A. C. Iliocmpueawa HAH Ykpainu, Jlveis, Ykpaina

Pestome. Po3e’sizano piguanHa cmamuynoi meopii npyscHocmi 0 0eaK020 KIACy OpPMOMPONHUX
mamepianie. /[ Onucy8anHs ix HANPYICEHO20 CIMAHY BUKOPUCIIAHO TIHITIHY MAMeMAmuiHy MoOeib MPUSUMIPHO20
opmomponHo2o mina, 3a giocymrocmi 0o ’emuux cun. Posenanymo modens deghopmosaroeo mina Ha 6a3i nOOaAHHsA
HANPYJICceHsb uepes nepemiyents tl OugepenyiaibHi pIGHAHHS PIBHOBAU NPYICHO20 MINd. 3anucano mpu pigHAHHS,
AKI ONUCYIOMb NPYIICHY PIBHOBAZY OPMOMPONHO20 MINA Yepe3 NPYICHI NepemiyeHHsi 8 0eKapmosii cucmemi
Koopounam. Moodenv 3anedcumsv 8i0 0e8’smu He3ANeHCHUX NOCMIUHUX [ MOodice ONUCY8AmU Pi3Hi OpMOmMpPonHi, a
MaKoIc MpaHCceepCaIbHO-I30MPONHULE Ma i30MponHuL Mmamepiany. Buxopucmano memoouxy inmezpyeamnHs mpoox
PIGHAHb, WIIAXOM NOYEP206020 BUKIIOUEHHS nepemiujenv. Posenanymo numanms, noe’s3ami 3 YCYHEHHAM 3aiéux
DYHKYIIL 13 NAOAHHSL 342ATIbHO20 PO36 SI3KY PIGHSIHbL Meopii NPYICHOCI. 3Ha0eHo Kpumepii, siKi BU3HAYAIOMb MAKULL
KAAC OpMOMPORHUX MAmepianis, wio ix HanpyiceHo-0eopMOBanULl CMAH MOJICHA UPA3UMU Yepe3 08I QYHKYiL.
OO0Ha ¢hyHKYia 3000801bHAE PIGHAHHS 8 YACMUHHUX NOXIOHUX OpPY2020 NOPAOKY, A IHWIA — Yemeepmozo NopsoK)y.
Bemanoeneno, wo pisnanna uemeepmozo nopsaoky, 8 3a2aibHoMy 6UNAOKY, He PO3KIA0AEMbCA HA 08a ONEPATMOPHUX
muodICHUKYU. OMpUMAHT  PIGHAHHA 3a1eXHcamb  6I0 CeMU HE3ANENCHUX NPYICHUX NOCMIUHUX, WO ONUCYIOMb
OPMOMPONHUL MAMEPIAN 304 HESHAUHUX 0OMEINCEHb HA 084 MOV 3¢Y8Y. SHATOEHO PIBHANHS, SKe MAE 3A0080IbHAMU
NPYIICHI KOHCMAHMU OPMOMPONHO20 MAMEPIaLy, MaK wod PIGHAHHA 4emEepmo20 NOPAOKY MOICHA OYII0 PO3KIACIU
Ha 000ymoK 080X pieHAHb Opy2020 NOpsoKy. Lletl po3kiad 0038015€ Npeocmasumu NnepemiujeHus NpyICHO20
OpMOMPONHO20 MiNA Yepe3 Mpu capMOHIUHUX Y PISHUX OeKapMOBUX cucmemax koopounam @yuxyii. Ompumano
3aeanvHe NPeoCcmasieHHs HANPYHCEHO-0eOPMOBAHO20 CMAHy OPMOMPONHO20 Mamepiany uyepe3 66edeHi mpu
2apMOHIYHUX yHKYii nepemiuensb. 3anponoHo8ana Mooeb 3anedHCUmy 6i0 Wecmu He3ANeHCHUX NPYICHUX CIATUX,
a mpu iHwux Koegiyienmu opmomponii 6U3HAYAIOMbCS 3 OMPUMAHUX KEAOPAMHUX pieHaHb. Ha ocnogi 3a2anbnozo
D036 513Ky PIGHSAHb DIBHOGACU OPMOMPONHO2O0 MINA 3ANUCAHO 8Upa3 Oeopmayitl I HANPYICeHb uepe3 68e0eHi
eapmoniuni - ymxyii. Ompumani  pes3yibmamu  MOJNCHA GUKOPUCIATU NPU  PO3PAXYHKY U  NPAKMUYHOMY
NPOEKMYBAHHI eJleMeHmMi8 KOHCIPYKYIll i3 OpMOmMpPOnHUX Mamepiaie.

Kniouogi cnosa: opmomponui mamepianu, piHaAHHsL PIGHOBAU, NEPEMIWEHHS, HANPYIHCEHHS, MOOYIL 3CY8Y.
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