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SIMULATION OF A PRE-DEFORMED PLATE COMPRESSION BY
TWO INDENTERS OF COMPLEX SHAPE
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Ternopil Ivan Puluj National Technical University, Ternopil, Ukraine

Summary. Within the framework of linearized formulation of the elasticity theory problems, the stress-
strain state of a pre-deformed plate, which is modeled by a pre-stressed layer, is analyzed in the case of its smooth
contact interaction with a two rigid axisymmetric indenters. The dual integral equations of the problem are solved
by representing the quested-for functions in the form of a partial series sum by the Bessel functions with unknown
coefficients. Finite systems of linear algebraic equations are obtained for determination of these coefficients. The
influence of the initial strains on the magnitude and features of the contact stresses and vertical displacements on
the surface of the plate is analyzed for the case of compressible and incompressible solids. In order to illustrate
the results, the cases of the Bartenev — Khazanovich and the harmonic-type potentials are addressed.
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Introduction. The calculation of the strength of structural elements and machine
parts is one of the most important design stages. To minimize calculation errors, you need
to take into account the maximum number of factors that affect the contact interaction of
bodies. Therefore, it is imperative to take into account the presence of initial stresses and
strains in the contacting bodies, as they can play a crucial role. In general, solving problems
of this type requires the nonlinear theory of elasticity. However, for sufficiently high levels
of initial deformations, a linearized formulation of the elasticity theory can be used.
Scientists take such steps when solving problems in a variety of fields. In particular, the
linearized formulation was used [1] to build a three-dimensional finite element model aimed
at studying microdeformations in joints reinforced with isotropic and anisotropic fibers; to
build a mathematical model aimed at studying the effect of initial stresses on wave
propagation in a hollow infinite multilayer composite cylinder [2]. The geometrically
linearized theory for incompressible materials was derived [3] from the nonlinear theory of
elasticity in the small displacement regime. Using similar approaches [4], the asymptotic
theory of beams for non-classical elastic materials was developed. The stress-strain state of
a prestressed thick plate under the condition of its smooth contact interaction with a rigid
axisymmetric annular indenter was also investigated using a linearized formulation of the
problems of elasticity theory [5, 6].

It should be noted that the interaction of complex-shaped indentors with pre-stressed
bodies has not yet been sufficiently studied. This paper demonstrates a methodology for
determining the axisymmetric stress-strain state of a pre-stressed body using a plate as an
example during its compression by two rigid indenters. The paper also investigates the effect
of plate thickness and initial deformations on the distribution of contact stresses and vertical
displacements of the plate surface.

Setting of the problem. Let us consider the axisymmetric problem of compression of a
prestressed plate of thickness by two coaxial rigid parabolic indenters.
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Simulation of a pre-deformed plate compression by two indenters of complex shape

z We will model the plate as a
P prestressed isotropic layer [5,6]. Indentors are
pressed into the layer progressively without
rotation and friction under the action of a
constant force P. Each indenter is formed by
rotating a parabolic branch and a line segment
perpendicular to the parabolic axis around a
> common axis. The focal parameters of the

parabolas for the upper and lower indentors

are respectively equal to R, and R,. The

axes of the parabolas bounding the
indenters are parallel to the common axis of
rotation, which coincides with the line of

action of the forces P. Let's choose a
Figure 1. Diagram of contact interaction cylindrical coordinate system (O, 1, 6, z)so

that the coordinate plane (O, r, 9) coincides with the median plane of the layer, and the axis

Oz coincides with the axis of symmetry of the indenters (Fig. 1). The boundary conditions of
the problem will be as follows:

o,(r.h)=0a<r; (1)

0, (r,h)=0,0<r<o; (2)
u,(r.h)=a(r), 0<r<a; (3)
o,(r,-h)=0b<r; ()
o,(r,—h)=0,0<r<w; (5)
u,(r.—h)=e,(r),0<r<b. (6)

Functions a)l(r) and o, (r)describe the shape of indentors. Let's choose them in the form of

a)l(r): (1)

@,(r)= ) ®)
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where R, and R, are the focal parameters of the parabolas, which bound the upper and lower

indenters, respectively.

Solution of the problem. We will assume that the residual stresses present
in the layer to be homogeneous, so the following expressions for the components of the
stress tensor and the displacement vector can be used to describe the stress-strain state of
the layer [7]

00 (1,2) = Q (1,2) = ¢, [ @ {Ash (az) + A, [ (arz) + arzch (a2) ] +
+Bch(az)+B, [Oso .ch(az)+azsh(az) |} 3, (ar)da;
0 (12) = Qy (r,2) =, [ " {Ach(az) + A, [sch(az) + azsh az) ]
+Bsh(az)+B, Essh(az)+azch(az)]} Jo(ar)da;
0, (1.2) =~ [ {Ach(a)+ & [eh(a2)+ azsh(az) ]+
+Bish(az) + B, [ sh(arz) + azeh(az) |3, (ar)da
0, (r,2)=u,(r,2) = m] a* {Ash(az) + A, [ () + azch (az)]

+Bch(az)+B,[sch(az)+az sh(az)]} Jo(ar)da

Having met the boundary conditions (1) and (2) on the upper boundary plane of the
layer, at z=h, we derive:

+Bysh(h)+B, [ ssh(ah)+ahch(ah)]}J,(ar)da=0,a<r <ox; (9)

—03110043 {Alsh(ah)+ A, [ s, sh(ah)+ahch(ah)]+

+Bych(ah)+B,[ s, ch(ah)+ahsh(ah)]}J, (ar)da=0,0<r <wx;

(10)

mzaz {Aish(ah)Jr Az[sl sh(ah)+ah Ch(ah)]+

+Bych(ah)+B, [ sch(ah)+ahsh(ah) |} I, (ar)da = (r),0<r<a

(11)

Similarly to (4) and (5), on the lower boundary plane of the layer, at z=-h,
we obtain:

Csszaﬁ {Ach(ah)+ A, [sch(ah)+ahsh(ah)]-

—B;sh(ah)—B,[ssh(ah)+cah ch(ah)]} Jo(ar)da=0,a<r <ow;

(12)
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_C3lza3 {~Ash(ah)—A,[s,sh(ah)+ahch(ah)]+

+Bych(ah)+B,[ s, ch(ah)+ahsh(ah)]}J; (ar)da =0, 0<r <wx;

(13)

mja {~Ash(ah)—A,[s,sh(ah)+ahch(ah)]+
(14)

+Bch(ah)+B,[sch(ah)+ahsh(ah) ]} I, (ar)da =, (r), 0<r<b.

By applying the inverse formula of the Hankel integral transformation to relations (10)
and (13), we obtain expressions for A, B, through A,, B,

A= [ s,sh(ah)+ahch(ah)|A,;

1
sh(ah)

B, = [s,ch(ah)+ahsh(ah)]B,. (15)

_1
ch(ah)
By introducing two unknown functions X(r) and y(r), defined on the segments

[0,a] and [0,b] respectively, we extend relations (9) and (12) to the entire positive

semi-axis [0,)

c3gza3 {Ach(ah)+A,[sch(ah)+ahsh(ah)]+

+B, sh(ah)+B, [ ssh(ah)+ahch(ah) ]} J, (ar)da = (16)
=x(r)n(a-r), 0<r<o;
CssTas {A1 ch(ah)+ A, [sch(ah)+ahsh(ah)]-
17)

—B, sh(ah)—B,[ssh(ah)+ahch(ah)]}J,(ar)da =
=y(r)n(b-r), 0<r<w.

By applying the inverse formula of the Hankel integral transformation to equations (16)
and (17), using the relations (15), we obtain a system of relatively unknowns A,, B, . Solving
it, we will obtain

) sh(ah) _
@h = 2¢,, [(S—SO)Ch(ah)Sh(ah)—ah][Il(a)+ '2()]
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_— ch(«h)
@B, = 2C,, [(S—SO)Ch(ah)Sh(ah)+ah][Il(a)_ 1, ()] (18)
where
Il(a)zirx(r)Jo(ra)dr; Iz(a)=Iry(r)Jo(ra)dr.

Substituting expressions (7), (8), (15), (18) into relations (11) and (14), we will obtain:

%I[%(Q) 'l(“)+‘/’2(“)'2(“)](Jo(ar)—30(aa))d“:‘i(a—@) n(a-r)+ (19)
+%[(r—ra)2 —(a—ra)z}{n(r—ra)—n(r—a)} :
%T[‘//l(a) L (a)+vy, (@) |2(a)](J0(ar)—J0(ab))da =i(b—l’b)277(b—r)+
O 2 (20)

The following notations are used in the last equations:
o(a)=A(a)+A, (@), g,(a)=A(a)-A,(a);
vi(a)=-0,(a), v,(a)=-g(a);

(s—s,)sh?(ah) (s—s,)ch?(ah)

A(a)= (s—s,)ch(ah)sh(ah)—ah’ fale)= (s=)ch(eh)sh(ah)+ah’

klzm(sl—so)z m, (s, —$,) |
Cs (S=%)  Cuu(s—5)(L+my) L/,

The unknown functions x(r) and y(r) determine the distribution of contact
stresses under the indentations. aking into account their continuity, as well as the absence
of the contact area at the boundary (at r —a and r=Db), we represent x(r) and y(r) asa
segment of the generalized Fourier series by the Bessel functions

N

x(r):ZanJo(é,an, 0<r<a;

n=1

y(r)zibn\lo(%ﬂnj, 0<r<b, (21)
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where 3, — positive roots of the level J, (X) =0.
Substituting the relation (21) into equations (19) and (20), we will obtain

%{ia@[w)uw<a>(Jo<ar>—Jo<aa>>da+

+ bnz[goz (a)l(z) (ar)—Jo(aa))da}z (22)

n=1

1 1 2
a(r—ra) n(r—ra)—ﬁ(a—ra) ,0<r<a;:

&3 T @3 (or) -2, b))

+$;an[ (a)l(z)(a Jo(ar)=13 (ab))da}z (23)
- 2; (r—r) n(r—rb)+2—§2(b—rb)2,0§rsb;

Multiplying relations (22) and (23) by rJo(gﬂqj Ta I’JO(%ﬂj, q=1

respectively, and integrating the obtained expressions rfrom 0 to ,and from 0 to b, we will
obtain

=z

N
ZanKéi”(aHanK”)( )=B;
n=1

. (24)
> a. K (a +an|< =B,

=1

b=

>

2 (0!) Ir(]z)(a)[h(‘l)(a)_JO(aa)Fq(l) da:

K (a) = [ (@)1 ()] 1 (@)~ 3, (ba) FL? ]der:

vo ()12 (@) 157 (@)= 3, (ber) R Jder;
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a b
FY = [rd, (Lﬂqjdr R =], (Lﬂqjdr .
0 a 0 b

Using the superposition method and entering the notation

-p|Eal b | b -k e L
k [ R R, K[R R,

from (24) we obtain the systems of equations for the unknowns aﬁl) : a,(f) , br(,1 and b

(25)

The values R, and R, inthe relations (25) determine from the conditions of equilibrium

a b
Zﬂfro-zz(r,h)dr:—P; ZnIrazz(r,—h)dr:—P.
0 0

(26)

Taking into account (26) from inequalities (21), (25), we obtain the system with respect

to
R® Ta R®
R()ial 'R Zaff
i =
R()ibl J+RC ZN:bff
- 1 27 }

R(i):ﬁF, i:l,2.

1%

(27)

Having solved system (27), from relations (21) and (25), we obtain the formulas for

finding the function of contact stress distribution under indenters

o, (r.h) _zii[ (0 1 R ]Jo(gﬂn}

V)

=g R G

(28)

as well as expressions for determining the vertical displacements of the points of the upper and

lower planes of the layer
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N o0

u,(r.h)= %%{Z}(R@)aﬁ” + R(z)aff))j(pl () Ir(ll) () (ar)da+
n=! 0

(29)

N o0
+Z(R(1)br§l) +RPp? )I(oz ()1 ()3, (ar)da};
n=1 0
0, (r—n) =5 P IS (R982 1+ R282) [y (@) 19 () 3, (ar) der-+
z 2 272_ — n n ! 1 n 0

N 0
+Z< RWh™ + RPp(® )J.wz (@)1 (a)Jy (ar) da} :
0

n=1

Numerical example. Let us investigate the effect of the layer thickness and the residual
deformation field on the distribution of contact stresses and vertical displacements of the points
of the layer boundary planes.

W L
— ~

-04

;——'-"-Li 2
——-_-
—0§ 2 ~
4 /< N
-08 vd 1 .
- 1D 02 04 06 03 0 0.5 1 15 2 25 3
Figure 2. Contact stresses Figure 3. Vertical displacements

Fig. 2 shows a graph of the function o (), describing the distribution of contact stresses
for the case of compression of the layer by two identical co-axial parabolic indenters at
R =R,=2,r, =1 =0.The graph of the value of u(r), describing the vertical displacements

of the points of the boundary planes of the layer for the same case, is shown in Fig. 3. Curve 1
corresponds to the layer thickness H =0.5, curve 2 — H =1, curve 3— H =2 . As can be seen
from the figures, the layer thickness affects the extreme values of contact stresses. In particular,
when the layer is compressed with thickness H =0.5 the extreme values of contact stresses
are 40% higher than at H =1.

The coefficient k, which is determined by the ratio

k1 _ rnl(sl _So)
044(1+ml)(s—so)ll\/a
characterises the effect of initial deformations and depends on the structure of the elastic

potential of the prestressed plate. In particular, in the case of the Bartenev-Khazanovich
potential
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where , — Poisson's ratio, E — Young's modulus of the plate material. The latter ratio tends to
infinity at 34> -1=0, j.e. at 4, > Ao #0.693. The value 4, corresponds to surface instability

under uniform biaxial compression. In this case, the vertical displacements of the boundary
plane points increase unlimitedly, and there are no contact stresses. Thus, the following

mechanical effect is observed: when / is approaching the critical value ikp the phenomena of

«resonant nature» occur in the plate, which were previously discovered by O.M. Guz in the
problems of brittle fracture of materials with initial stresses [7]. A similar effect is observed in

bodies with an elastic potential of harmonic type. The coefficient k1 in this case takes the form

. 2(1-v?) P

' E  A(2+v)-(1+v)’

For different materials, the critical values ﬂkp are different because they depend on .. In
particular, at v=0.3 «resonance» phenomena are observed at 4 — 4, ~0.565. Figure 4

illustrates the dependence of the coefficient k1 on / for the case of the Bartenev-Khazanovich
potential (curve 1) and the harmonic potential (curve 2).

15

ki

06 08 1 7\4

Figure 4. Dependence of k and on /,

Conclusions. Regardless of the shape of the indenter and the presence of residual
deformations, the distribution of contact stresses for a layer with a thickness of at least twice
the radius of the contact area is similar to the corresponding distribution for a half-space.

The presence of residual tensile deformations in the layer causes a narrowing of the
contact area, an increase in the absolute value of contact forces and a decrease in vertical
displacements. The magnitude of the induced changes depends on the type of elastic potential.
The presence of residual compressive deformations in the layer, in turn, causes the expansion
of the contact area, a decrease in the absolute value of contact stresses and an increase in vertical
displacements.
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YK 539.3

MOJEJIOBAHHS CTUCHEHHSI HONEPEJIHBO JJE®GOPMOBAHOI

IJIACTUHU JBOMA IHJIEHTOPAMMU CKJAJHOI ®OPMU

I'puropiii I'adpyces; Ipuna I'adpyceBa; bopuc LlenecroBcbkni

TepHoninbcokuul HAYiOHATLHUU MeXHIYHUU YHIgepcumem imeni leana Ilynros,

Tepuonins, Ykpaina

Peztome. IIpoodemoncmposano po3pobaeHy mMemoouxy nodyoosu po3ss’sasKié 0CeCUMempuyHux 3aoay

BUSHAUEHHS] HANPYICEHO20 CMAHY 3a30ane2iob 0eqhoOpMOBAHOT NPYHCHOT NAUMU NPU iT KOHMAKMHIN 83AEMOOTT 3
080MA  AHCOPCMKUMU  THOEHMOpamu CKIaoHoi kongicypayii. CnigiOHOWleHHs, WO ORUCYIOMb HANPYICEHO-

100

........... ISSN 2522-4433. Scientific Journal of the TNTU, No 4 (112), 2023 https://doi.org/10.33108/visnyk_tntu2023.04


https://doi.org/10.33108/visnyk_tntu2023.0
https://doi.org/10.1002/cnm.1084
https://doi.org/10.1142/S0218202521500202
https://doi.org/10.1016/j.ijmecsci.2020.105950
https://doi.org/10.1016/j.ijmecsci.2020.105950
https://doi.org/10.33108/visnyk_tntu2021.02.087
https://doi.org/10.33108/visnyk_tntu2018.02.050
https://doi.org/10.1002/cnm.1084
https://doi.org/10.1142/S0218202521500202
https://doi.org/10.1016/j.ijmecsci.2020.105950
https://doi.org/10.1016/j.ijmecsci.2020.105950
https://doi.org/10.33108/visnyk_tntu2021.02.087
https://doi.org/10.33108/visnyk_tntu2018.02.050

Hryhorii Habrusiev, Iryna Habrusieva, Borys Shelestovskyi

deghopmosanuti cman min i3 HOYAMKOBUMU Oedopmayiami, HA8EOeHO V paMKaX NiHeapu308aHoi NOCMAHOBKU
3a0aui meopii npyscnocmi. 13 GUKOPUCTNAHHAM 3ANPONOHOBAHOT MEMOOUKU OOCTIONCEHO HANPYICEHO-
Odeghopmosanuti cmawn 3a30aneiov degpopmosanoi naumu npu i 21A0KOMY KOHMAKMI 3 080MA HCOPCMKUMU
ocecuMempudHUMU NApadOIIYHUMU [HOEHMOpamu cK1aoHoi kougieypayii. [1o6y0o8y ananimuyuHux po3e’s3Kié
KOHMAKmuoi 3a0aui 011 NONepeoHbo 0eqhopmMosanol naumu nposeoeHo WISXOM il MOOENO8AHHSA NONepPeoHbo
HANPYICEHUM [30MPONHUM WAPOM. I panuyni ymosu 8 30Hi KOHMAKMY CPHOPMYIbOBAHO 8 KIACUYHIL NOCIAHOBYI
(6i0cymHicms OOMUYHUX HANPYICEHb HA SPAHUYHIL NOGEPXHI WApY, GIOCYMHICHb HOPMAIbHUX HANPYIICEHb 3d
Medxcamu 30HU KOHMAKMY, 8epMUKAIbHICIb 3MiWeHHs iH0enmopa). Y pe3ynemami niocmanoeku eupasie 0is
KOMROHEHM HANPYHCEHO-0e(hOPMOBAHO20 CIMAHY NAUMU 8 SPAHUYHI YMOBU NOOYOOBAHO cucmem)y 080X HAPHUX
iHmezpanbHux pieHAHb, A0pa Axux micmame @Qyuryii Beccensa. Ilooaiouu QyHKyito po3noodiny KOHMAKMHUX
Hanpysicensb nio iH0eHmopamu y u2isioi CKinueHHo2o pAaoy 3a gyuxyiamu beccens. 3adauy 36edeno 0o ckinuenol
cucmemu NiHIUHUX an2eOpaiuHux pIieHAHbL 8IOHOCHO HegidoMux Koe@iyicnmis pady. Ilobyoosano auanimuumi
suUpasu 051 KOHMAKMHUX HANPYHCEHb MA BEPMUKATLHUX NePeMillfeHb MeXHCO8UX MOYOK Naumu. 3acmocysasuiu
OMPUMAHI  CNIBBIOHOUICHHS, NPOAHANI308AHO GNIUE NOYAMKOSUX Oeopmayii Ha pieeHb ma Xxapakmep
KOHMAKMHUX HANPYICEHb | 6EPMUKATLHUX NePeMIUjeHb MeNCO80T NIOWUHU NAUMU Y GUNAOKAX CIMUCTUBO20 MA
Hecmucaueo2o mamepiany. HYuciosul ananiz nposedeHo 0iist BUNAOKIE HAAGHOCMI Y NAUMI NPYICHO2O0 NOMEHYIATY
bapmeneea — Xazanoeuua, a maxosic nomenyiany 2apMoHIiYHO20 MUNY.
Knrouosi cnosa: nonepednvo degpopmosana niuma, nonepeonbo HANPYiICeHUull wap, KOHMaKmHi

HAanPYJICeHHsl, BEPMUKATIbHI NepeMilyeHHs, napaboLiyHuil IHOeHMOop, ROOGIUHI IHMe2PANbHI PIGHSIHHSL.
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