Limecpan T. Bnnue ¢hopmu wmammna Ha NosIOXeHHs1 30H MOXJiueoi nnacmu4Hoi degpopmayii nnumu / T.
LlimedpaH // BicHuk THTY — TepHoninb : THTY, 2015. — Tom 77. — Ne 1. — C. 109-115. — (MexaHika ma
Mamepiano3Haecmeo).

VIIK 539.313
T. lllTedpan
3anopizvkuil HayioHANIbHUL MEXHIYHULL YHI8epcumem

BIIJIMB ®OPMH HITAMIIA HA ITIOJIO’KEHHS1 30H MOXKJIUBOI
HNJIACTUYHOI AE®@OPMALII IIJIMTHU

Pesztome. Pozensinymo npyscry niocky oegpopmayito niumu y ueisioi NpsMoKymHo2o napaienenineod
nio 0icio 2nadko20 wmamna, AKUN KOHMAKmMye 3 napanenenine0omM no 6Ciil NOBepXHi 1020 GepXHbOI OCHOBU.
Huoicna ocrnosa sinvHa 6i0 HasanmasiceHv, A 6epMUKANbHI NepeMillyeHHs Mo4oK OOKO0B8OI epaHi 0opieHI0I0Mb
Hymo. Ompumano aHanimuyHu U0 0N KOMNOHEHM MEH30pa HanpylceHb i 6eKmopa nepemiujeHv mo4ox
napanenenineoa. I1io uac oocnioscenns suxopucmaro Hanigobeprenuii memoo Cen-Benana. Medxcogi ymosu,
AKUX He GUCAYAE NPU NOCMAHO8YI 3a0a4i, bepeMo i3 NPUNYUeHHsA, Wo HOPMATbHI NepeMilyeHHs MOXCYymy Oymu
npedcmasieni y euensioi paoie Qyp’e za cunycamu. Obuucneni KoepiyicHmu mpuecoHoOMempuyHux psaoie 0/is
HAanpyoiceHb Ma nepemiujenb GU3HAYaiome MOYHUL PO38 30K ChOpMYIb0o8aHOI 3a0aui 01 008iNbHOI hopmu
wmamna. JlocniodceHo eniug opmu wWmamna HA NOJNONCEHH MOJICTUBUX 30H MiAcmuuHoi dedpopmayii 3a
00nomo2o10 QyHKyii nomenyianvHol enepeii, siIka 3acmocosyeEmebcsi 8 eHepeemuyHin einomesi miynocmi Mizeca.
Ilocmasneno i po3g’s3ano 3a0ayy Npo po3nooil eHepeiil QOPMOIMIHU NO BEPXHITE MediCi NIUMU Y UNAOKY, KOTU
wmamn Mae ysazanvHeHy napaboniuny ¢gopmy. Ha ocHosi uucenvHoco ananizy 3pobreHo NpOSHO3 Npo
HaliHebe3neuniuti, 6 CeHci MiyHOCmi KOHCmpyKyii, Oinanku niumu. Memooom cnpsdceHux 2padieHmis
6CMAHOBNICHO MICYE3HAXOO0ICEHHS. 2NI0OAILHO20 MAKCUMYMY QyHKYIl nomenyianeHoi enepeii hopmosminu 3a
3A0AHUMU  SDAHUYHUMU YMOBAMU NPU HE3MIHHOMY 3HayenHi koegiyicwma Ilyaccona i  eapitoeéanHs
2eOMempUYHUX NapamMempis uimamna.

Kniouoei crosa: nnuma, wumamn, niocka degopmayis, vemaepma 2inome3a MiyHoCcmi, eHepeis, 30Ha
nAACMUYHOCML.

T. Shtefan

EFFECT OF THE STAMP SHAPE ON AREAS OF POSSIBLE PLATE
PLASTIC DEFORMATION

Summary. An elastic deformation of the parallelepiped shaped plate subject to the smooth stamp,
which contacts with the plate on its entire upper base, has been considered. The lower base is fiee of load. The
vertical displacements of the points of the lateral face are equal to zero. We got the analytical form for the
components of the stress tensor and vector displacements of the points of the parallelepiped. The Saint-Venant
semi-inverse method has been used. The missing boundary conditions have been obtained considering that the
normal displacements can be represented in the form of the sine Fourier’s series. The obtained coefficients of
the trigonometric series for the stresses and displacements determine the exact solution of the problem for
arbitrarily form of the stamp. The problem connected with the distortion energy distribution over volume in the
case of the general parabolic shaped stamp has been stated and solved. The expression of the closed form for the
distortion energy which is used in the fourth (energy) failure hypothesis of Mises was obtained. The prediction of
the safest, in the sense of the stability, zones of the plate with the square horizontal section has been made with
the help of the numerical analysis. The location of the global maximum of the distortion energy function under
given boundary conditions, constant value of the Poisson coefficient and the geometric parameters of the stamp
has been determined with the help of the conjugate gradient method. Numerical research of a parallelepiped,
that takes area (x, y)e [0,1]1x[0,7], was done. The stamp surface is described by the equation

2m
fm(X)=c (zj -(x(;r —x))m. In the numerical solution the first nine harmonics were kept. The Poisson
T

coefficient is considered to equal 0.25. Since the function of potential energy is proportional to the coefficient o

and shear modulus p , we considered them to equal 1. The graphs, presented in the article, testify that the stamp

shape effects significantly the distribution of potential energy in the plate. With varying parameter m global

maximum changes its position, in addition, the appearance of local maximum at the top of the plate is observed.
Key words: plate, stamp, plane strain, strength fourth hypothesis, energy, zone of plasticity.



ITocranoBka mnpobaemu. Ilpw aHam i3l MIHOCTI IHXCHEPHUX KOHCTPYKIIA Ta
JKHUTIOBUX CHOPY, IPH IPOEKTYBaHHI Ta OyAIBHUIITBI aBTO Ta 3ai3HUYHHUX NUIXIB SK OJUH
13 OCHOBHUX 1HCTPYMEHTIB Ul TEOPETUYHHUX PO3PAXyHKIB 3aCTOCOBYETHCS TEOPisl MPYKHOCTI
[1]. CyTHicTIO €HepreTH4HOol TiMOTe3W MIIHOCTI € TBEPIKEHHS Hpo Te, IO PyHHYyBaHHS
CTPYKTYpU BiZOyBa€ThCS B THUX MICISIX CIIOPYAHM, /€ TOTeHIiajdbHa €Hepris (hopMO3MiHH
TIEPEBHUIIYE JIeIKE KPUTHUHE 3HAUYEHHS [2].

[Ipencrarnene mocCiiKEHHs MPOBEACHO B HAMPSAMKY TOIIYKY HaifHEOE3NMeUHIIUX y
CEHC1 MIITHOCTI o0acTedl IIUTH, MO AeGopMyIOThes ImTamioM. B pobotax [3,4] HaBemxeHO
JOCTIPKEHHST MIITHOCTI TUTMT TPH JICIIO 1HIIAX MEXOBHX yYMOBAaX, HIK PO3MVISHYTHX y il
CTaTTI.

AHaJl3 oCTaHHIX JdocC/aiuKeHb 1 myOJikamiii. ABTOopamM He BJalOCs 3HAWTU B
JiTeparypi TOYHOTO aQHAJIITHYHOTO JIOCHKeHHS chopMmyiaboBaHoi mpoGnemu. Ilpu
JOCITIJDKCHHSIX ~ 3a3BHYail  OOMEeXyBalMCs aHANITUYHUM ab0 YHCeIbHUM croco0amMu
BH3HAUEHHS HANPYKeHb Ta TMepeMilieHb. Y poOoTi [3] A BU3HAUEHHS €JIEMEHTIB TE€H30pa
HaNpyXXeHb y IIATI 3aCTOCOBAHO METOJ MTOYAaTKOBUX (QYHKIIH. /Iy cyTTeBO OaraTonapoBux
IUTAT-METO/I TPUTOHOMETPUYHUX PO3KIIA/IiB Ta METOJI MATPHUILh ITOIATIMBOCTI 3aCTOCOBYBABCS
B ctarTi [S]. B po6oTi 3acTOCOBaHO PO3BUHEHHS KOMITOHEHT BEKTOPA MTEPEMIIlleHb Ta TEH30pa
HaNpy’KeHb Y TPUTOHOMETPUYHI Psi/iU, KU Oa3yeThest Ha poOoTi [6].

MeTtoro fgocaigKeHHS € TIONIYK HAWHEOE3MEeUHIMMUX JUISTHOK —IUTUTH, IO
neGopMy€eTbesl IITaMIIOM, OTPUMAaHHs aHATITMYHUX BHpas3iB Juid (QyHKIII, sKa BH3HA4Yae€
MIIHICTh KOHCTPYKILIi 3a eHepreTMYHUM KpuTepieM wMinHocti Mizeca. Buminmuti
HaliHeOE3MEeYHII 3 TOYKH 30py MIITHOCTI AUISHKY TuATH. [[poBecTn cucrtemaTnyHuil aHami3
BILTUBY (DOpMH INTaMITa, po3MipiB IMTH ¥ Koedimienra IlyaccoHa marepially IIMTH Ha
MOBEAIHKY (DYHKIIIT, IKa ONTUCYE TOTEHITIATBHY €HEeprito (POPMO3MiHH.

IlocranoBka 3amaui. PosrisHemo cramioHapHy 3amady npo jaedopMyBaHHS
’KOPCTKHM IITaMIIOM IPSIMOKYTHOTO TIapajesieninesia, KOTpHi 3aKpiIlIeH0 TaKUM YHHOM, IO
BIJICTaHb MK HID)KHBOIO Ta BEPXHBOIO I'paHsIMH Iapajeeninesna mocridHa. Skmo mramno y
KOKHOMY TOPH30HTAJIBHOMY Iepepizi 0OMeXeHUH 0JHAaKOBOIO KPUBOIO, TO IIiJl HOro THCKOM
napasenemnines 1eopMyeTbes Tak, 10 BEPTHKAIbHI MepeMillleHHs (B370BX oci (Jz) TOYOK
napasenernineaa JOpiBHIOIOTh HYJIIO 1 MalOTh Miclle YMOBH IUTOcKoi edopmartii. [lepeitnemo
710 6€3pO3MipHUX BEJIMYMH TAKUM YHHOM, 00 cMyra 3aiimaia obimacte 0<x<7, 0<y<h.
[TouaTok KOOpIMHAT 3HAXOAUTHCS Ha BEpXHiMl Mexi obnacTi, a Bick (Jy HampaBieHO BHHU3

(puc.1). BoxoBi cTOPOHU CMYTH KOPCTKO 3YEIJICHI 3 TOHKUMU JIMCTaMU — JiadparmMamu.
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Pucynok 1. [Tonepeuynnii nepepi3 minTH, Ha AKy TUCHE IITaMIl

Figure 1. Cross-section of the plate, which presses stamp
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Ha BepxHIO MeXy CMYrd THCHE TJIAJKUN aOCONIOTHO >KOPCTKHM INTaMII, SKHMA
MEPEMIIYEThCS BEPTUKATHHO 1 KOHTAKTYE 3 MIOBEPXHEIO CMYTH Ha BCbOMY BIJIPI3KY X € [0, 7Z'] .
BijamoBiaHi rpaHAYHI YMOBH MArOTh BUTJIST

u(x,0)=0, v(x,0)= f(x). (1)

Tyr y=f (x) — PIBHSIHHA JIiHII, Ky ONMCY€ HUXHS MeXa IITaMIly B KiHIIEBOMY
noJio’keHHi. HiokHsl Mesxa BiJIbHA Bl HaBaHTaXXeHb, TOOTO

Txy(xah)=0, (Ty (x,h)=0. (2)
3a anavoriero 3 [3] OyaeMo BBajkaTH, 110 HA OOKOBUX Me)KaX BUKOHYIOTHCS YMOBH
v(0,y) =v(h.y)=0. 3)

Taxkum unHOM, HAM MOTPiIOHO 3HANTH PO3B’SA30K 3a]adi Teopii MPYKHOCTI B 00JaCTi
(x, y) €[0,7]x[0, 4] 3 mexxoBumu ymoBam (1)—(3).
AnajiTnuHuii po3B's3ok 3agauvi. llpeacraBumo ¢dynxiito v(x, y) y BHIIISAIL

TPUTOHOMETPUYHOTO PSy 3a CHHYCaMHU, OCKUIBKH B I[bOMY BHIIQJKy BOHA 3aJ0BOJIHHSIE
ymosu (1)—(3)

o]

v(x,y)= XV (y)sin(kx) .
k=1

Toni BignmOBiAHI PO3BUHEHHS (PYHKIIIT u(x, y) . Oy (x, y) s Txy (x, y) MAaroThb BUTJIAT

u= k§lvk (»)cos(kx), oy = k§lsk (v)sin(kx), o, = k§lzek (»)sin (k).

klek( y)cos(kx). 4)

3B's30k Mixk ¢ynkuismu Vi, Uy ,S;, M ta T; BCTaHOBHMO, PO3B’SI3aBILIN CUCTEMY

piBHSHB Jlame

0%y 52
(2+2,u,)—+,u—+(/1+ m) 0,
y x> axay

METOJIOM PO31JIEHHS TapMOHIK

Vi = (A + yBy )eh(ky) +(Cy + yDy )shlky),
Uy = %((kAk +(3-4v)Dy +kBy y)sh(ky) +(kCy + (3—4v) By +kDy y)ch(ky)),
Ty (») = 2p(kAy, +kyBy, +2(1=v) Dy )eh(ky)+ (kCy + kyDy +2(1-v) By, )sh(ky);
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Sk (1) =213 =2v) By +kCy + kyDy )eh(ky)+((3—2v) Dy + kA, + kyBy, Jsh(ky);

Ry (¥) =2(kdy, + kyBy, +(1—2v) Dy, Jsh(ky)+ (kCy + kyDy. +(1=2v) By Jeh(ky).

Tyr 4;,B,.C},D; — NOBUIbHI KOHCTAaHTH Ta BPaXOBAHO CIiBBIJHOLIECHHS =2v,

A+u
ne v — koedimient [lyaccona.
BpaxoByroun rpaandHi ymMoBH (1)—(3), oTpuMaeMo 3HaYCHHS JIOBIJIBHIX KOHCTAHT

A = fk-
B, -1, ;h(kh)ch(zkh; — kh : ’
(4v —3)ch? (kh)— k2h% - 4v? +4v -1
(4v — 3)(sh(kh)ch(kh) — kh)
(4v —3)ch2 (kh) —k2h% —dv? + 4y -1
ch? (kh)+1-2v
(4v = 3)ch2 (kh) - k2h* — 4% +4v -1

Cr =—Jk

Dy = kfy

[lincTaBuBim 3HaiifeHHi koedimieHTH B psiaud (4) UIsl HOPMAIBHHUX HAMpPyKEeHb
Oy (x,y), gy (x,y) Ta JIOTHYHUX HAIPYKEHb T, (x,y), MaTUMEMO IIIyKaHi pPO3BUHEHHS

BKa3zaHWX (yHKIIH y TpuroHoMeTpwuHi psau. OTpuMaHi pe3ysbTaTH 3acTOCYEMO JUIS
3HAXOJKEHHS KPUTHYHUX (B CEHC1 MIIIHOCTI) AUITHOK PO3TIISIHYTOT KOHCTPYKILIT.

PesyabTtaTnn unceqbHOro JocaiKeHHs (YHKOiT MOTeHIIaAbHOI eHepril
¢popmosminu. CyTHICTIO €HEpPreTHYHOi Teopii MIIHOCTI € MPUITYIIEHHS, IO KiTbKICTh
MOTEHINATbHOT eHeprii GopMo3MiHH, ska HAKOIMUYCHA JI0 MOMEHTY HACTaHHS HeOe3IeYHOIro
CTaHy, OJTHAKOBA SIK IIPH CKJIaJHOMY Halpy»KeHHi, TaK i IpH MPOCTOMY PO3TATyBaHHI. YMOBa
MIITHOCTI 3T1JIHO 3 YE€TBEPTOIO TIIOTE30F0 MIIHOCTI 3aITHIIEMO

w_ 1 2 2 2 _*
o =E\/(O'1—0'2) +(o=03)" +(02-03)" <0 .
SKmo mepedTH BiJ TOJOBHUX HANpPYXeHb JIO0 TeH30pa JedopMarlii B JTOBUIBHIN
IPSIMOKYTHIN CHCTEMI KOOPAMHAT, MATHMEMO BHpa3

s :\/(O'x+0'y +0'Z)2 —3(0'x0'y +0,0,+0,0, —r)%y —r)%z _Tiz )

Ockinbke y BUIAIKy miockoi pedopmauii 7, =7,, =0, 0, =v(o,+0,), T0

oTpuMaeMo (YHKITiFO eHeprii (GOpMO3MIHH y BHTIISI

F(x,y)= o = \/[(1 + V)(O'x+6y )]Z —3(6x6y + V(O'x+6y)2 — z')%y ) 5)

Oyukmis F (x, y) MPOIOpIliiHA KBaJIpPaTHOMY KOPEHIO 3 IMHTOMOI IMOTSHINATbHOT

eHeprii gopmo3minu Tina Wy, , a came, OB’ s3aHa 3 HEO POPMYIIOKO

3E-W
i / 4
Fx,y)=c'" =,———.
(*.7) 1+v

Hanani ¢ynxmiero notenuianbHoi eneprii popmosMinu OyneMo HazuBaTH F (x, y).
Jocnimumo ¢yHKIio (5) Ha eKCTpeMyM, OCKUIBKH OTpUMAIU SIBHI BHpa3u JJIS BCIX
KOMITOHEHT TeH30pa HaIlpy>KEeHb.
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Posrnsinemo umucioBy 3amady. bygemo BBakaTw, 10 piBHSHHS ITiJIOIIBH ITaMIia B
2m
KiHIIEBOMY IOJIOXKEHHI ONHUCYEThCS (QYHKIICIO f, (Xx) = o (_j -(x(ﬂ' - x))m. OcKiTbKH
V4

¢ynkuis F(x,y) Oyae mpomopuiiiHa Koe]illieHTY « Ta MOIYJIO 3CcyBy 4. Tomy mpu
pospaxynkax mu Opamu o =1 ta p=1. Koediuienr Ilyaccona mpuitmemo piBauMm 0.25, a
HIMPUHY IUIUTH — piBHOIO oauHuI. [Ipu umcenbHOMY pO3B’SI3KYy YTpUMYBAIHUCS J€B’SITh
TIEePIITNX TaPMOHIK.

Ha puc.2—-5 306paxeni rpadiku ¢pynkuii eneprii ¢popmosminu (5) npu BapiroBaHHI
napameTpa m (B IMpaBoOMy BEpXHHOMY KYTI 300pakeHO BIAMOBIHY (OPMY ITaMIIA).

x
05 1 15 2 25 3

ST r ey

S

by
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¥ X
1 3
Pucynok 2. F(x,y) npu m=0.5 Pucynok 3. F'(x,y) npu m=1
Figure 2. F(x,y) for m=0.5 Figure 3. F'(x,y) for m=1

td 0
05 1 15 2 25 3 .2

Pucynok 4. F(x,y) npn m=2 Pucynok 5 F(x,y) npu m=4

Figure 4. F'(x,y) for m=2 Figure 5. F'(x,y) for m=4
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Ha puc.6 HaBelIeHO KOHTAaKTHI HampyxeHHs O ,(x,0) UL THX CaMHX 3HAYCHb

MEXaHIYHUX Ta FCOMCTPHUYIHUX HapaMeTpiB Ipu BapiIOBaHHi ImapamMeTpa mi.

’SWLJ
/

Pucynok 6. Hanpyxenns 0, (x,0) naBepxuifimexinpu 1) m=1, 2y m=2, 3y m=4

Figure 6. Stress 0, (x,0) on the lower boundary for 1) m=1, 2y m=2, 3) m=4

Ilpu 3nadenni m=0,5 koedimieHTn po3knany QyHKIIT B psix f 5(x) MOBUIBHO

MParayTh J0 HYJS 31 30LIBIICHHSIM KUTBKOCTI JOJAHKIB ToMy rpadik QyHKIT HOpMaIbHUX
HanpyxeHb  0,,(x,0) € ocuumorounm. Ha puc.6 300paxeno BIJIMIOBITHI KOHTAKTHI

HaIpy>KeHHs IIpU KiIbKocTi rapmMoHik k) =10,k, =20 Ta k3 =40.

05 1 oA oo 25 3

o NI WO
1 1
2
2
3

3
Pucynok 7. Hanpyxenns O, (x,0) na sepxwiii mexci npu m = 0,5, sxmo 1) k =10,

2) ky =20,3) k;, =40

Figure 7. Stress 0, (x,0) on the upper boundary if m = 0,5 for 1) k; =10,2) ky =20,
3) k, =40

Bymno 3natineno (3 Tounictio g0 0,01) raobanpamii MakcumyM (yHKIiT F'(x,y) mpu
3aJJaHAX TTapaMeTpax:
1) npu m = 0,5 makcumyMm F,, = 3,142 3HaxoauThes B Touni x =0, y =0,08;

2) mpu m =1 makcumy™m Fp,,, = 1,214 3Haxomutsest B Touni x =0, y=0.1;
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3) mpu m = 2MakcuMyM Fp .y = 0,992 3HaxomauThes B Toumi x = 0,237, y =0,16;
4) npu m =4 MakcumMyM Fp oy = 1,309 3Haxomuthes B Touni x = 0,37, y =0,16.

3 aHaii3y HaBeJeHUX IpadikiB BHUILIMBaA€, 10 (opMa INTamIa iCTOTHO BIUIMBA€E Ha
po3noAi moTeHuianbHOi eHeprii muuTtH. llpuw BapitoBaHHI mapamerpa m TIoOalbHUM
MaKCHMyM 3MIiHIOE CBOE TMOJIOXKEHHS, KpIM TOTO CIOCTEPIra€ThCsl MOSBa JIOKAJTHHUX
MaKCUMYMiB O1Jis1 BEpXHBOI I'PaHUIII TUIUTH.

BucnoBku. Po3rnsHyTo mimTy, sika 3HaX0AUTHCS B YMOBAX IUIOCKOT AeopMartii i
miero muramma. JlocmipkeHo BIDTMB (OpPMH INTaMIIa Ha TIOJIOKEHHS MOJXKIIUBUX 30H
macTuyHOi Jjedopmarrii 3a gormomMororo (YHKI IMOTEHIIAILHOT eHeprii, sSKka BH3HAYAE
MIIHICTh KOHCTPYKIII 3a YeTBEPTHM KpHUTEpieM MIIMHOCTI. BuiineHi HaiiHeOe3meuHinm 3
TOYKH 30py MIIIHOCTI NUISSHKH IUTMTH. B TOAaibIIOMy IUIAaHY€ThCS TMPOBECTH JETAIbHUIMA
aHaJi3 TOJIOXKEHb JIOKATbHUX 1 TI00aTbHUX MaKCUMYyMIB eHeprii (opMo3MiHU NpH 3MiHi
TeOMETPUYHUX Ta MEXaHIYHMX BJIACTUBOCTEH TUMTH. OCKUTBKH METOJ] TPUTOHOMETPHYHUX
pPAIIB MOXKHA 3aCTOCOBYBAaTH JUII BHUNQJAKY OararomapoBHX IUAT [5], TO OTpHMaHi
pe3yIbTaTh TaKOXK IUIAHYEThCS y3aralbHUTH Ha TeH BUTIAIOK.

Conclusions. In the article the plate, which is in terms of planar deformation under
the stamp is considered. The influence of the stamp shape on the position of possible plastic
deformation zones using the potential energy that determines the structural strength of the
fourth criterion of strength has been investigated. The most dangerous arears in terms of plate
strength have been determined. Detailed analysis of the provisions of local and global maxima
forming energy by changing the geometrical and mechanical properties of the plate is to be
carried out in future. Since the method of trigonometric series can be applied in the case of
multilayer plates [5], the results are also planned to be summarize in this case.
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