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KOHTAKTHA 3AJAYA ITPO 3HOIITYBAHHSA [[PY)KHOi
HIBIIVIOIUHU LITAMIIAMU KAHOHIYHOI ®OPMHA

Pestome. Po3s’sazano 3a0aui npo KOHMAKMHY 63AEMOOII0 ULMAMNIE KAHOHIYHOI ¢hopmu (YuniHOpuyHoI,
eninmuyHol, 2inepOoNiuHOL) 3 NPYHCHOIO NIBNAOWUHOI 3 YPAXY8AHHAM 3HOWLY8aHHA Mmamepiany. Ha ochnogi
Mooeii abpasueHo2o 3HOULYBAHH NOOYOOBAHO iHMeE2PAbHEe DIGHSIHHSL OISl GUIHAYEHHS. KOHMAKMHO20 MUCKY.
Pospobrneno memoouxy po36’sa3yeanns IHMeSpanIbHOZO PIGHAHHS, WO 3800UmMb 3a0auy 00 Y3A2albHeHOI
npobnemu Ha 61ACHI 3HaueHHs. [[na 3HAXO0O0JCEHHS GIACHUX 3HAYEHb MA 6eKMOpIE 3acmoCcO8AHO Memoo
Xoneywvkoeo. Ilposedeno uwucnogi po3paxynku KOHMAKMHO20 MUCKY 8 DI3HI MOMeHmU 4acy, NpoaHanizoéamo
ocobnaugocmi 1020 po3nodiny 0/ PIHUX hOPM ULMAMNIE.

Kniouosi cnoea: xonmaxmmua 83aEMo0is, NPYJICHA NIGNIOWUHA, 3HOULYBAHHS, WMAMNU KAHOHIYHOI
¢dopmu, noninomu Yebuwesa.

Y. Sachuk; O. Maksymuk

CONTACT PROBLEM ON THE WEAR OF THE ELASTIC
HALF-PLANE BY CANONICAL FORM STAMPS

Summary. The problems of contact interaction of the canonical form stamps (cylindrical, elliptical,
hyperbolic) with the elastic half-plane taking into account the wastage of material, are solved. The integral
equation, based on the model of abrasive wastage, is made to determine the contact pressure. Numeric methods
of solving integral equations of this type are analyzed. The method of solving the integral equation is developed,
that reduces the problem to a generalized problem of eigenvalues. Analytical and numerical methods of solving
the generalized eigenvalue problem are analyzed and comparative analysis of them is conducted.

To find the eigenvalues and vectors the method of Holetskyi and QZ-factorization is applied. The
theoretical similarity of this methods and numerical change of eigenvalues with increasing the dimension of
input matrix are analyzed. Software for the writing software modules with the possibility of automation process
of solving a generalized eigenvalue problem and making contact pressure graphs with variable number of
eigenvalue (with different number of range members for the contact pressure), are chosen. To check correctness
of obtained eigenvalues, procedure of solving generalized eigenvalue problem was performed in different
softwares.

On the base of obtained eigenvalues, numerical calculation of contact pressure is hold. An algorithm of
finding the contact area at any given moment of time for a given power of pressing the stamp is developed. For
fixed moments of time contact area at a given initial force was found. The number of line members for the
contact pressure is experimentally found, so that the error can be ignored. An algorithm of bringing to the one
scale graphs of contact pressure in different areas of contact was developed and realized. The analysis of the
Sfeatures of its distribution to the various forms of stamps was hold.

Graphics of the size of wastage in dimensionless quantities for a given contact area, for a given contact
force, are constructed. The size of wastage for different contact areas for different stamps, are analyzed. On the
base of the size of wastage the analysis of the wastage process, is hold.

Key words: contact interaction, elastic half-plane, wear, stamps canonical form, Chebyshev
polynomials.



IlocranoBka mpo6iaemu. CyyacHuWil cTaH Teopil TepTss ¥ 3HOIIyBaHHS MOTpedye
HaJIHHIX METOIB PO3paxyHKY KOHTAKTHHX BY3IiB. [IpakTHYHO HEBHIMICHOIO € TpoldiieMa
MIPOrHO3YBAHHS Yacy sIKICHOI poOOTH (PpUKIIHHMX Map i BU3HAUYEHHS JIOIMyCTUMOI BEIMYNHH
3HOIIYBaHHS KOHTAKTYIOUHMX ITOBEPXOHB, 3a SKOI MPAIIOI0YMil MEXaHi3M He BHHIE 3 Jay.
[IpoBeeHHs eKCIIEpUMEHTABHUX JIOCTI/DKEHb Y I[bOMY HAIPSIMKY € Ty’K€ TPYIOMICTKHM 1
noporoBapticHuM. OJHEM i3 MUISIXIB BUPIMICHHS Ii€l MpoOIeMH € o0y J0Ba MaTeMaTHIHIX
MoJieNIell TIPOIIeCiB TEPTS 1 3HOUIYBAHHS 3 BUKOPHCTAHHSIM JIOCATHEHb MEXaHIKW KOHTAKTHOL
B3a€EMOJIi.

OCHOBHHUM MapaMeTpoM, SIKUi BU3HA4Yae poOOTy (QPUKIIHHOT Hapyu, € KOHTAKTHUN THUCK.
Tomy moOymoBa CITiBBiTHOIIEHB, IO JO3BOJISIFOTh BU3HAYUTH KOHTAKTHUH THCK, € OCHOBOIO
MaTeMaTH4YHUX Mojienedl. SIKk mpaBuiio, 1€ — iHTerpaibHi PIBHSHHSA. AJie Ha BiIMiHY BiA
IHTeTpaJlbHAX PIBHSHB 3a7a4 KJIACUYHOI KOHTAKTHOI MEXaHIKHM y 3aJavax i3 ypaxyBaHHSIM
3HOIIYBaHHS HEOOXIJTHO BpPaxOBYBAaTH HM3KY CHEeNU(IUYHMX OCOOJMBOCTEH: 3MiHY 00JacTi
KOHTAKTY BiJI MPOCTOPOBUX KOOPIMHAT 1 Yacy, 3aJeKHICTh PO3MOALTY KOHTAKTHOTO THCKY BiJI
dbopMH T, MOAENHh 3HOINYBaHHS, (PpUKIiAHMNA po3irpiB 1 T.m. Po3B’s3aHHs nux 3amad €
BKJTMBHM 1 aKTYaJIbHHIM.

AHaJI3 0CTAHHIX JOCTiKeHb i my0Jikaniii. PO3BUTOK MareMaTuyHOTO MOJIEIIOBAHHS
MporeciB  TepTs 1 3HOIMYBaHHS TOB’s3aHmMid 3 pobOoTamm Kocrenpkoro b.I., Kparems-
cekoro [.B., Ynunnanze A.B., Barber J.R. Ta in. Onnak y Oiibmocti Mojieneit 3HOIyBaHHS
BHKOPUCTOBYBAIMCS BioMi po3B’si3km ['epria i pisHUX (OpM KOHTAKTYIOUMX Tild. Y
poborax JI.O. Tamina (3HOIIyBaHHS OaldKé IKOPCTKUM INTaMIIOM) KOHTAKTHHU THUCK
3HAXOJMTHCS 3 YMOB B3a€MOJIii KOHTAKTYIOUHX TiJI, IO BPaXxOBYE YMOBH 3HOINYBAaHHS, Ta
3aMpOTNOHOBAHOT METOIUKH PO3B’ I3yBaHHS (PO3/LIEHHS 3MIHHHUX ).

Po3BuTOK Takuwx MOCHTIDKEHb MTPOBEACHO Yy pobOortax [1-4], y SKuX, SK MpaBuio,
BUKOPUCTOBYEThCSl MapaboiiyHa (opma ImTamma, IO CIpaBeUIMBO IS MajuX oOiacTei
KOHTaKTy [5]. ¥V HH3II cydacHUX pOOIT pO3MISIAIOTECS Pi3HI MOJEIl 3HOIITYBaHHS,
BpPaXxOBYIOTBCS MIKpOT€OMETpiss KOHTAaKTYIOUMX TiJ1 1 iX 3arajipHa ¢opma, TeMmiepaTypHi
edpextn [6-10].

P

Pucynoxk 1. Mozeins 3HOIYBaHHSA: IITAMII — MPY>KHA MiBIUTOMIMHA

Figure 1. Model of wastage: stamp — elastic half-plane

Mera po6oTu. Po3BUTOK METOIUKH PO3B’S3yBaHHS IUIOCKMX KOHTAKTHUX 3a1ad 3i
3HOITYBAHHSIM MaTepiaay JUIsS IITaMIIiB KaHOHIYHOI Gopmu. UHcIoBHMiA aHaNi3 pe3yJIbTaTiB,
BU3HAYCHHSI OCOOJMBOCTEH 3HOIITYBAHHS IITAMIIAMHU Pi3HOI (JOPMHU Ta BEJTMUNHH 3HOITYBAHHS
MaTepiary 3aJIeXKHO BiJT 9acy poOOTH (PHKITIHHOTO 3’ € JHAHHS i YMOB HOTO pOOOTH.

IMocTaHOBKA KOHTAKTHOI 3a/1a4i 3i 3HOIIYBaHHAM. PO3TJIs/1a€ThCsl KOHTAKTHA 3ajaua
PO B3a€EMOJIIIO INTAaMIIIB KaHOHIYHOI ()OpPMH 3 TPYKHOIO IMIBIUIOIIMHOK 3 ypaxXyBaHHSIM
3HOIIIYBaHHS MaTepiaiy.
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VY npyHy HiBIUIOIIMHY BTUCKYETHCS CHJIOIO P JKOPCTKUH INTamIl 3 OCHOBOIO f(X).

KpiM Toro, mraMi pyXaeTbes 31 MIBHIKICTIO V' y HampsMKY, NEPICHIAUKYISIPHOMY [0
miomHE (prc.1). YHaACHIOK IBOro BiI0yBaeThcs aOpa3WBHE 3HOIIYBAaHHS MaTepialy 3a
THIHHOT 3aJIeKHOCTI CHIIM TEPTS 13 cuiioro TUcKy [3,10]

v.(x,1) = klszjp(x,t)dt 5 (1)

7€ U — BEIMYMHA 3HONIYBAHHS; k; — KOEQIIi€HT MPOMOPIIHHOCTI MK pOOOTOIO CHITH TEPTS
Ta KUTBKICTIO 3HOIIEHOTO Matepiany; k, — KoeQirieHT Tepts; p(x,/) — KOHTAKTHUH THCK.

BpaxoByrour yMOBY KOHTAaKTy INTamIa 3 MiBIUIOIIWHOIO, IHTETpalibHE PIBHSHHS IS
BU3HAYEHHSI KOHTAKTHOTO THCKY 3 ypaxXyBaHHSIM 3HOIIIYBAaHHS Ma€ BUTJTIST [4]

la(l) ﬁ_ fi _m
» | PENZ x—klszgaxp(x,f)dt ol @)

—a() B
7
2(1-v?)
KoHTakTHU# THCK Y KO)KEH MOMEHT 4acy / TOBHHEH 3a/I0BOJIBHSITH YMOBH

Jac o

a(t)
P= j p(x,0)dt , p(xa(t),r)=0 . 3)
—a(t)

AJITOpUTM PO3B’sI3KY piBHsIHHsI. BiImoBigHO 10 00paHOi METOMHMKH pO3B’SI3yBaHHS
piBHSHHS (2) y 0e3p03MipHUX BeIWYMHAX [3] KOHTAaKTHUHM TUCK IIYKAEMO Y BUIJISII

p(at) = Z Pre () @)

[lincraBuBim dopmyrny (4) y (2), OTpUMAEMO CHUCTEMY CHUHTYJISIPHHX IHTETpalbHUX
PIBHSIHB

b dr  df(x
IP(T,O)—=—f( ) (5)
bl T—X dx
1
dr d X
“2kj¢2k(7)r_x - (02;( ) =0,npu k=12,... (6)

-1

P03B’s130K CHCTEMH CHHTYJISIPHUX IHTErpO-Iu(epeHIliaIbHAX PiBHSAHB (6), BpaXOBYIOUH
yMOBY (3), IIyKaeMo y BUIJISII

P, (x) = iai V1 _x2U2m(x)' (7

m=0

[TinctaBuBmm Gopmyny (7) y bopmyimy (6), oTpuMaeMo
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o0 o0 T
azkzaf:,(—n)n,,m(x)+Zafz%ﬁ?(zm+1>=o, ®

m=0 m=0

ne T,(x), U,(x) —noniHomu Yebuiesa nepuoro i Apyroro posy.

JIOMHOKyIOuH KOKEH WieH cHiBBiaHOWEHb (8) Ha T5,,,(x) mpu i=1,n Ta iHTerpyroun
BiZT -1 110 1, OTprMy€EMO y3araipHeHy 3a/1a4y Ha BIIACHI 3HAYCHHS

(Ad-ayB)X =0, (€))

ne %, — BIIacHI 3HAUEHHS; a' — BiacHi BekTopH. Matpuili A i B MaroTh BUTIIsL

1/2 0 0
0 3/2 0 1
4= 00520 B=(b)),,. 2 b, = [T, (T, ()dx . (10)
cee _1
o .. o o 2t
2

Martpuiist A € fgiaroHaJIBHOIO 1 3aNIOBHIOEThCS TpUBiasibHO. KokeH enemeHT Matpuili B €
iHTeTpaioM BiJ JOOYTKY nBOX mojiHOMiB YeOummera meprmoro poxy. Matpumi A i B €
JOJJATHHO BHU3HAUEHI Ta CHMETPUYHUMHU. [li BIACTHBOCTI € JyXKe BAXKIUBUMH IIPH
po3B’si3yBaHHi 3a7a4i (9). BapTo Bij3HauuTH, 0 MaTpuIls B He € oquHUYHOO 1 3a/1a4a (9) He
Moxe OyTu 3BeJieHa 10 cTaHAapTHoi. Ha gaHuii wyac He iCHye TEOpPETHYHO JIOBEJCHUX
AITOPUTMIB JUIS IPSIMOTO PO3B’SI3KY y3arajabHEHOI 3a/1adi Ha BJIaCHI 3HAYCHHS.

Jlis mounyKy BIIaCHMX 3HAu€Hb 1 BIJIOBIHUX BJIACHUX BEKTOpiB 13 (9) y naHuii yac
BHKOPHCTOBYIOTHCSI HAOMMKeHI MeToIu o0umciieHb. Jlo HUX Halle)kaTh po3Kia XOJIEIbKOTO
ta QZ-QW w™meromu ¢axtopusarii matpunsb [11,12]. HeoOxigHOIO yMOBOIO BHUKOPHCTAHHS
MeTo1y XOJIeIBKOTO € CHMETPUYHICTD 1 JIoJaTHs BU3HadeHicTh MaTpuib (10). Jlns meToain
rpynu QZ-QW—dakropuzariiii 0cOOIUBICTIO € Te, 1[0 BOHU MiAXOATh 1 TSI HECUMETPUUHUX
MaTpHIIb, IKi MOXYTh MaTH BiJ’€MHI BJIacHI 3HAUYCHHS.

Jlns mporpamHOi peaizaliii ONMCAHOTO BUINE METOJY OYJIO BHKOPHUCTAHO CHUCTEMY
Matlab R2013a. B nmamiit cucremi mpoaHalli3oBaHO Ta MigiOpaHO cremiaiizoBaHi (YHKITT
LAPACK nnst po3B’s3yBaHHsST OCHOBHHX 3a/lad alnreOpH, 30KpeMa y3arajlbHeHOI 3ajadi Ha
BJIaCHI 3HAYEHHsS, CHCTEM JIHIHHHX anreOpaidHuX piBHSHb. CHCTEMHOIO (YHKIIE€O IS
pearizarii y3aranbHeHOi 3a7aui Ha BiacHi 3HaueHHs € ¢yHkuis EI/G. Jlana ¢yHkiis mae
cuntakcuc [V,D]=EIG(A,B), ne marpumi A,B — Biamosigui matpumi (9); D — aiaroHabHa
MaTPHI i3 BIACHUMH 3HAYCHHSIMU; } — MaTPHIlsSl BJIACHUX BEKTOPIB, Y SAKili KOKEH CTOBIICIh
€ OKpPEeMHM BIJIACHUM BEKTOPOM, BIJIMOBIAHHMIA HOro BIacHOMY 3HadeHHIO. OCOOIHMBICTIO
cuctemu Matlab R2013a € cymimeHHsl 4YUCIOBUX Ta aHATITHYHUX oOYHcleHb. ToOTO MU
Ma€EMO MOXIIMBICTh 3BEPHEHHS JI0 3MIHHOI SIK aHAITHYHOI 1 BUKOPUCTAHHS CIEIliaTi30BaHIX
GbyHKIIIM 10 Hel, a TaKoX ONpAIFOBaHHS Pe3y/IbTaTiB 3a JOIMOMOTOK MPOrPaMHHUX YHCIOBUX
MeToJIiB. TakoX BaKIIMBOIO OCOOJIMBICTIO BUKOpHcTaHHSA (yHKIIT EIG € crmocid po3kiaxy
BXITHUX MaTpuilb. Ll ¢yHKUis 103BOJII€E BUKOpPHUCTATH BiJOMHE MeTOoa XOJeunbKoro abo
cydacHuW# mporpecuBHUE wmerton QZ-¢pakropumsamii. 3a 3aMOBUYBaHHSM Iporpama
BUKOpUCTOBYE MeTOJ] QZ-dakTopu3artii.

Ha ocHOBI oTpuMaHWX BXiJHUX JAHWX 3HAWJIEHO BJIACHI BEKTOPH Ta 3HAYCHHS 3a
ONMCAaHUM METOJIOM pO3KJIaxy XoJemnbkoro. JIJisi JOCTOBIPHOCTI OTpUMaHUX pe3yJbTaTiB
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3amady Ha BiacHi 3HaueHHS (9) Oynmo po3’s3aHo MetojnoMm (Z-dpaxropwm3arii. BaximBo

BiI3HAUXATH, IO BJIacHI 3HadYeHHS ¢%,; 3a oOoMa METOJAaMHU CIIIBIANalOTh, aje BIACHIL

BEKTOPH a,’; OJTHAKOBI 3 TOYHICTIO IO TOCTIHHOTO MHOXHUKA. P03B’si30k cuctemu (6) He
3aJIeXKHUTh Bi popMH mTamIra.

[Ipr moOym0Bi psily KOHTAKTHOTO THCKY 3a (opMylioro (4), BaXIMBUM YHHHHUKOM €
KUTBKICTh WICHIB psIy, TOOTO CKUIBKH BJIACHUX 3HAYeHBb B3ATO I 0O0uYMcieHb. B Tabu.1
HaBeJICHO BJIACHI 3HadyeHHS npu n=7,11,17 g y3aranpHeHoi mpoOnemu (7), ae n —

KUTBKICTB WICHIB psy (4).

Taoauna 1
[TocimiTOBHOCTI BJIaCHUX 3HAYEHB IS MATPHIIh 13 (8) mpu iX po3mipHocTi n=7,11,17

n=7 |0.63 |1.63 |2.62 |3.63 |4.84 |7.48 23.22
n=11|0.63 |1.63 |2.63 |3.63 [4.63 |5.63 6.68 |8.11 | 10.88 | 17.45|55.49
n=17 | 0.63 | 1.63 |2.63 |3.63 [4.63 |5.63 6.63 |7.63 |8.63 |9.63 |10.72
12.16 | 14.38 | 18 24.8 |1 40.44 | 129.98
B xoji YnCI0BOTO eKCIepUMEHTY OyJIo BHUSBICHO, IMO JIA MOOYJ0BH psany (4) mpu

f(x)=- R (mramn mapaGomniunoi ¢dopmu), e R — pagiyc KpuBu3HH B Touli x=0,

JIOCTAaTHbO OJIMHAJIATH BJIACHUX BeKTOpiB. [Ipw mMamux o0JacTsIX KOHTAKTy Taka KiJbKiCTh
BEKTOPIB € JIOCTATHBOIO JUIS TinepOoidHOl, MUTIHAPHIHOI, eNTAYHOI (OpM INTaMITIB. Y
pasi mrrammna muTiHAprIHOT hopMu ipu a/ R > 0.8 KiTBKICTh BJaCHHX 3HAYCHb Ma€ OyTH He
MEHIIE CIMHAIILSATH, TOOTO n>17.

JI5 OTHO3HAYHOTO BU3HAYEHHS X) 3aUIIEMO Y BUTJISIAL
m Pk y
o0
k| 2
Oy (x)=d, Zam 1-x"U,,,(x) (11)
m=0

1, MICTaBUBIIY Y PIBHSAHHA (5), OTPUMYEMO CITiBBITHOIIICHHS

df (X)

deza (7)1 () = =

k=0 m=0

(12)

HomHoxyroun koxkeH wieH (8) Ha T, (x)/~/1 —x* nmpu i=Ln Ta inTerpytoun Bix -1
70 1, oTpuMaEMo HEOAHOPITHY CHCTEMY JIIHIMHUX anreOpaiyHuX piBHSIHb

CX =b, (13)
e
ay  a a; dy
21 0 1 n d
— a a e a
C=—;’ oA Hox =", (14)
@ a .. da d,
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b — CTOBMYUK BIJIbHUX WIEHIB, €IEMEHTH SIKOTO 3aJIal0ThCs 3a (POPMYJIOI0

b,
b b , -
h= > , b =I—ﬁc(x)Tz,+l(x)/Vl—x2dx,an i=ln, k=12,3,4. (15)
Y
b

n

Jnis BU3HA4YEHOCTI 3anuimeMo BUrsi f, (x) Ul BCIX IITaMIIiB:
- . X . .
—napaboiuHoi popmu f,(x) = R ne R pagiyc KpuBU3HM B TOUI X=0),

— utiEApuyHOi GopMu £, (x) =—R++R* —x* , 1e R — pauiyc maiispa;

: . b [ .
—eninuunoi popmu f3(x)=—b, +-la;” —x* , ne a|,b; — BeIMKA Ta Mama MiBoci
a
1

erninca, st po3paxyHkiB a, = R, b, = R(1t¢);

. o b AV
—rinep6oniunoi gopmu f,(x) =b ——L+la’ +x*, ne a,,b, — BenMuMHHU HilicHOT Ta
a
1
ysSIBHOI IiBocei rinepOoiu, At po3paxyHkiB a; = R,b, = R(1t ).
Jlis mTamna napabosiyHoi (opMH eleMEeHTH CTOBIYHMKA BIIBHUX wWieHIB (15) MoxkHa
3HAWTH aHATITHYHO O€3 JI0JAaTKOBHX 3aMiH. J[Jisl iHIMX IITaMITiB KaHOHIYHOI (opMH, 100

3maiiTn enementd (15), motpibHO mpoBecTH 3amimy ¥ cos(®) 1q MPOBIBIIM TIE€BHI
MaTeMaTH4HI IepeTBopeHHs (15) iHTerpay MaTUMe BUTJIS JUIS BCIX IITAMITiB

__2a_1
' R (Ite)

cos((2i +1)¢@)cos(p)
0 \/1 + %cosz(go)

C—to [N

dp,npui=1,n. (16)

3HaK «+t» y 3HaMEHHHKY BIJIOBiJa€ IITaMIy TrinepOoiyHOi (OpPMH, 3HAK «-» —
BIJIIIOBIJIa€ INTAMITy eTiNTHYHOI (opMu, a 3HAK «-» Ta £&=0 — mTaMmy HIHAPUIHOL
dbopmu.

Po3p’s3aBmm cuctemy (13) i3 BukopuctanHsMm BOymoBaHoi GpyHkiil mldivide(C,b), sixa
BuKopucTOoBYe LU- neKoMIIO3WINiO, IO € Pi3HOBHJIOM MeToxy l'aycca, Oyjio OTpuMaHO
koedinieHTH d, . Marouu BiacHI 3HAY€HHs, BJIACHI BEKTOpU Ta cTaiai MHOXHUKHA d, (11),
nifcTaBisieMo iX y (4) s moOynoBu rpagikiB KOHTAaKTHOTO THUCKY W BHU3HAYEHHS IHIIMX
HeoOXiJHUX JaHuX (00’eMy 3HOIIICHOT'O MaTepiary, 4acy poOOTH MapH JI0 3aJaHoi BETHYNHU
3HOIIYBaHHS YM 0OY10BH I'padikiB KOMIOHEHT Hapy>KeHb) [3].

YuncioBi pe3yabTaTH ii aHATI3 0CO0THBOCTEH KOHTAKTHOTO THCKY. [1pn rpadidaomy
BiJIOOpa)KeHHI pe3yNbTaTiB KOHTAKTHOTO THCKY OyJI0 BpaxOBaHO 3MiHY 00JacTi KOHTaKTy
a(t) ToOto, mo6 BioOpa3uTu Ha OAHOMY IpadiKy KOHTAKTHHHM THUCK y Pi3HI MOMEHTH 4acy
OyJ0 po3po0JIeHO AITOPUTM 3BEJCHHS OTPUMAHUX YHCIOBUX JAHUX JIO OJIHIET CHCTEMU
KOOpJIMHAT 13 ypaxyBaHHSM IPOIOPIIIHHOCTI BiTHOINEHHS TOTOYHOI 00JacTi KOHTAaKTy B
MOMEHT 4acy f, (i =1,2,3,... ) 10 mouaTkoBoi B MOMEHT vacy f, = 0 (3a1aua 63 3HOIIyBaHHS).

ANTOpUTM 3HAXO/KEHHS 001acTi KOHTAKTY B IOBUTHHUM MOMEHT Yacy TaKHii: Y MOMEHT
gacy f, =0 3amaga posp’szaHa iHmMMM crmocoboMm [13] (mnst cwm P 3HalimeHo a,); y

HacCTyIIHMH MOMEHT dYacy [ =/, mnpuiiMaemo, 1mo a(f,)=a,, IpOBOJUMO BCIO IpPOLENypY
3HAXOJDKEHHS KOHTAaKTHOTO THCKY (4) 3a CXeMOIO, OIHMCAHOI BHIIE, ITiICTABISEMO
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KOHTaKTHHH THCK B yMOBY piBHOBar# (3) i mopiBHIOEMO 3Haiineny cuny P 3 P, mpu P > P

3MEHIIYEMO ¢, 1 HaBmaky. Lleil mpomec moBTOPIOEMO ISl KOKHOTO HACTYITHOTO /,,, >1,.

i+l

BapTo Big3Ha4MTH, IO MPHU MATUX 00JJACTIX KOHTAKTy (pUC.2) KOHTAaKTHHUU THCK JJIS
BCIX INTaMIMiB MPAaKTHYHO CHIiBMAJa€ 3 KOHTAKTHUM THUCKOM JUIsl IITaMIa MapaboiiyHOi
¢dbopmu. Hampuknan, nns mramma rinepOomiynoi ¢opmu mpu 3ananid cumi P =0.0502 ta

BIJIITOBITHIH Tif 00J1aCTi KOHTAKTY a—lg =0.1, £ =-0.1 y ¢ikcoBani momenTH vacy f, =0.095,
t,=0.19, £ =0.285 Oyno 3HaliieHO 00JaCTI KOHTAKTy % =0.1118, % =0.112,

% 01322,
R

px) ! ! !
0.035 : : Hsiy

0.03
0025

0.02
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PucyHok 2. KonTakTHuii THCK [U1st IuTamna rinepOosniuHoi Gopmu B MOMEHTH yacy /; nmpy 3MiHHil o6nacti —-,

npu i =1,2,3 ana manux o6nacreii KOHTaKTy

a
Figure 2. The contact pressure for hyperbolic form stamp at the moment of time #, when the variable area E’,

i=1,2,3 for small areas of contact

Jlist moOyoBU rpadikiB KOHTAKTHUX THUCKIB 3a (POPMYJIONO (4) KIIFOUOBUM YHHHUKOM €
KUIBKICTh WIEHIB psay (KUTBKICTh BIACHUX 3HAYEHB), SIKi Tpeba B3ATH Ui OOYHCIICHB, 1100
3aJMINKOBAM WIEHOM psIy MOXHa Oyrno 3HextyBatu. Ha pumc.3 HaBegeHo rpadiku

. . - . a
KOHTAKTHOTO THCKY JUIS IITaMIIa elinTHYHol ¢popMu npH 3aganii cumi P =0.6033 ’EO =0.9,
£=0.3 y ¢ikcoBani MmomeHTH yacy f, =0.095, ¢,=0.19, £, =0.285 Ta 3HaiineHO 3MiHHI

0611ACTi KOHTAKTY % =0.9423, "—R2 =0.96818, % =0.98581.
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Pucynok 3. KoHTakTHUII THCK 1714 IITaMNa elinTUYHOT GOPMHU B MOMEHTH Yacy {, Mpu 3MiHHii o6nacTi E’ ,

npu i =1,2,3 nns pizHOT KibKOCTI BlIAaCHUX 3HAYEHb

a
Figure 3. The contact pressure for elliptical form stamp at the moment of time #, when the variable area E’ ,

i =1,2,3 for different number of eigenvalues

BaxxnmuBuM MOMEHTOM, SIKAM BIJTUBAE Ha IMPOIEC KOHTAKTHOI B3a€MOJII, € MOYaTKOBA
o0yacTe KOHTaKkTy. BapTo Bim3HaumTH, 110 MpU 00JacTi KOHTAKTY @/ R =0.7 KOHTaKTHHI
TUCK JUISI BCIX IITaMIIiB € MaKCUMAaJIBHUM IocepenuHi obnacTi KOHTakTy. [Ipu 30i1bIneHHi
001acTi KOHTaKTy, 30KpeMa Bxke npu a/R =0.95, KOHTaKTHUHA THUCK MOYMHAE 3POCTATH Y
MOPIBHSHHI 3 HECKIHUEHHUMHU IITaMIIaMH, 10 TIOKa3ye puc.4.

Pl ‘ ‘ ? 5 ‘ ‘ nx)

IREAS B3H b

01r, A 02

PucyHok 4. KoHTakTHuii TUCK MU Beix mramniB kaHoHiuHoi dopmu pu £ = 0.05: (@) a/ R=0.7, (p)
a/ R =0.97; (1 — uuninapuuna popma, 2 — rinep6osiuna popma, 3 — eninTuuna Gopma, 4 — napaboniuna
¢opma wrammi, ans rinepdoniunoi Gpopmu wramna £ = —0.2, ana enintuunoi— £ = 0.2)

Figure 4. The contact pressure for all canonical form stamps £ =0.05: (@) a/R=0.7, () a/ R=097;(1

— cylindrical form, 2 — hyperbolic form, 3 — elliptical form,
4 — parabolic form of stamps, for hyperbolic form of stamp & = —0.2, for elliptical —& = (0.2)

Ha puc.5 naBeneHo rpadik BeIMYWHHU 3HONIYBAHHS JUIS IITAMITa MAIIHAPUIHOI (HOPMHU
oy . a . .
npu 3amasiil cum P =0.7844 ’EO =0.9 y odikcoBani momentu uacy f, =0.095, ¢, =0.19,

t;, =0.285 Ta BIAMOBiAHI (IIOpaxoBaHi) 0OJACTI KOHTAKTY %=0.94234, a—1§=0.96821,

% _0.98584 .
R
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Pucynok 5. Bennunna 3HOIIYBaHHS 1UIA IITaMIIA UATIHAPAYIHOT (POPMH B MOMEHTH 4acy /; TIPU 3MiHHiH 0061acTi

a.
—-, i=123
R npH

Figure 5. Size of wastage for cylindrical form stamp at the moment of time when the variable area is

4 =123
R

Ha puc.6 HaBeneHo rpadik BeIMYUHHU 3HOIMYBAHHS JUIS IITaMIa MAJTIHAPAIHOT HopMHU

npu 3anaHit cum P =1.0654 ,% =0.96 y ¢ikcoBani momentu uacy f =0.05, t,=0.1,

t,=0.15 Ta BiAMOBiHi 06MACT] KOHTAKTY % =0.978705 % =0.989245 % =0.9959895 .

=0 978705
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Pucynok 6. Benmunna 3HOIIYBaHHS 11 IITaMIIA UATIHAPAYIHOT (POPMH B MOMEHTH 4acy /; TIPU 3MiHHiH 0061acTi

a.
—, i=123.
R npH

a.
Figure 6. Size of wastage for cylindrical form stamp at the moment of time when the variable area is E] ,

i=123

BucnoBkn. PosrisiHyTa KOHTakTHY 3a7ady PO B3aEMOJIIO JKOPCTKOTO INTamma 3
MPY)KHOIO TIBIIONMHOKO 31 3HOIIYBaHHSIM Marepiany. [loOymoBaHO MaTeMaTHIHy MOJIEh
npobnemu i Juis i1 peamnizanii oOpaHo JiHiHHY Mojenb 3HOIIyBaHHA. Ha ocHOBI BuOpaHOi
MOJIeJIi PO3BHHEHO METOJ PO3B’SI3Ky 3 BHKOPHUCTaHHSAM TMomiHOMIB UYeOumena. Jlms
3aMpOTIOHOBAHOTO METOJIy OMHMCAHO METOJMKY MOIIYKY PO3B’SI3KY IHTETPATLHOTO PiBHSHHS
JUTSE KOHTAaKTHOTO TUCKY 13 TIEPEX0JIOM JI0 y3arallbHEeHOI 3aj1adi Ha BIIACHI 3HAYCHHS. BakinBo
Bi3HAYMUTHU IO TPEJCTaBICHUN PO3B’SI30K MIAXOMUTH JIA BCIX (OpM KAHOHIYHUX IITAMIIIB
(TiHAPUYHOT, TiNepOOJIYHOI, CNINTHYHOI), IO € BKIMBAM (AKTOPOM Y MOJATBIIAX
JOCTIPKEHHSX OMKcaHol mpoOaemMu, 30KpeMa IpH aHaji3i HalpyKeHO-1e(pOopMIBHOTO CTaHy B
cepeuHi 001acTi KOHTAKTYFOUHX TiJl.
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3ampornoHOBaHO  CITOCOOWM  3BEICHHS  3a/ad  KOHTAaKTHOI  B3aEMOJIl  IITaMIIiB
rinep6oiyHoi Ta eninTHYHOi (OopM 10 IITaMIa MIIIHAPAIHOI (POPMH 13 MOKIIMBICTIO 3MiHH
BXiTHUX mapaMeTpiB. Po3B’s3aHa 3a1a4a 103BOJISIE BA3HAYNTH KOHTAKTHHI TUCK Y OY/b-SIKHi
MOMEHT 4Yacy i THM CaMHM BH3HAQUUTH IapaMeTpH 3HOIIYBAaHHS B KOXHIN TodIll 0OiacTi
KOHTaKTy. J[7Is1 mpeacTaBiieHHsS pe3yJbTaTiB MOOYJI0BaHO TIpadiKd KOHTAKTHUX THCKIB IS
BCIX HITAMIIiB MPU Pi3HUX OOJIACTSIX KOHTAKTY B Pi3HI YacOBI MOMEHTH i BUSIBIEHO O0COOJIMBI
eeKTH B3aEMOJIiI TiJI, a TaKOX KPUTHYHI TOYKH B3AEMOJil Ta YMOBH, SIKi IPU3BOJIATEH JIO
TaKOTO 3HOIIYBAaHHS.

Conslusions. In this paper the contact problem of interaction of stiff punch with elastic
half-plane with deterioration of the material was considered. A mathematical model of the
problem was constructed and for it implementation chosen linear model of wastage. Based on
the chosen model was developed solution method using the Chebyshev polynomials. The
proposed method described method of searching for the solution of the integral equation for
contact pressure with the transition to a generalized eigenvalue problem. It is important to
note that the presented solution is suitable for all forms of canonical stamps (cylindrical,
hyperbolic, elliptic), which is an important factor in further studies of described problem, in
particular, the analysis of the stress-strain state in the middle arae of the contacting corpuses.

Ways of reducing the problem of contact interaction stamps of hyperbolic and elliptical
form to a cylindrical form stamp with the ability to change input parameters were offered. The
problem can determine the contact pressure at any point of time and thus determine the
parameters of wastage at each point of the contact area. In order to present the results
Schedules of contact pressures for all stamps in various areas of contact in different time
points are constructed and found the special effects of interaction of corpuses and the critical
points of interaction and the conditions that lead to such wastage.
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