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Summary. A mathematical model for quantitative description of thermomechanical processes in
structural elements under fire was proposed, with taking into account an elastic-plastic deformation and
temperature dependence of material properties. The model is grounded on the equations of heat transfer theory
and nonlinear thermo mechanics and is focused on the numerical methods of research. A method for numerical
simulation of deformation processes in element structures subjected to intensive thermal- power loads was built
on the bases of finite element method. The temperature dependent deformation curves, physical and mechanical
characteristics are approximated by interpolation splines reconstructed by the experimental points of well known
dependencies capturing the mechanical behavior of materials in wide temperature range. As an example, the
computer simulations of thermo mechanical behavior of a steel structure subjected to fire conditions was carried
out. Its fire resistance has been estimated.
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Problem setting. One of the most important characteristics of building structures is
their fire resistance or property to withstand high temperatures during the fire, without losing
its load capacity. The majority of works devoted to the study of the properties of structures, has
an experimental character. The establishment of modern research programs of fire resistance of
structural elements from fires is mainly based on some experiments under conditions of full-
scale fires, or a large number of probations and tests in special furnaces, which can withstand
ambient temperature according to introduced typical standards [1, 2]. However, opportunities
for the study of the behavior of buildings in full-scale fire are rather limited and extremely
expensive, and during the experiments in furnaces, as a rule, only some parameters of individual
structural elements are taken into consideration often referring to unrealistic size samples, load
conditions and destruction. Such experiments do not reflect the behavior of the design as a
whole even at low temperatures, as many aspects of the behavior of complex mechanical
structures resulting from the interaction of various components cannot be predicted or traced in
experiments with isolated elements. Therefore, the actual stresses in real structures during a
fire are often substantially lower than anticipated and are based on partial experiments with
elements of designs in standard fire scenarios (due to their structural continuity and providing
alternative ways of loading individual items).

Due to huge losses during the full-scale experiments and partial nature of the results of
experiments in furnaces with individual structural elements a practical need to develop
mathematical models with quantitative description and evaluation of fire resistance of structures
under different deployment of fire scenarios arises. There is also the necessity to create
appropriate software and on this basis to conduct computer modeling of deformation processes
of structures under conditions of intense thermal loadings, that meets the requirements of fire.

Analysis of recent researches and publications. In recent years, researches which are
dedicated to building of mathematical models predicting fire resistance of elements of building
structures, particularly concrete and reinforced concrete buildings have been intensified.
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Some authors believe that exact model for concrete under conditions of high
temperatures should take into account connectivity process of thermal conductivity, the flow of
viscous liquid, vapor diffusion, capillary effects, and to highlight hidden heat of water phases
variability. Thus series of complex hydro-thermo mechanical models have been proposed
(look, e.g. [3, 4] and other), where moving, temperature, gas pressure, capillary pressure, are
considered to be related. However, due to the complexity of such models, numerical researches
on its basis for the elements for concrete building structures under fire conditions as a rule are
not provided. The basis of simple models are unbound heat equations and the ratio of thermo-
mechanics on the basis of which it is much easier nowadays to conduct computational
experiments and to get adequate results. Transient temperature distributions in structural
elements structures that were defined during the first stage of solving complex tasks are
considered as the input for the second phase of the problem — analysis of stress-strain state of
the construction. There is wide debate concerning the necessity and the methods of
consideration of different factors of influence on the level of development of such models
(look e.g., [5, 6, 7 —9]).

The purpose of the work is the development of mathematical model, methodology and
software for modeling of deformation processes of structural elements under conditions of
intensive thermal power taking into account loadings, temperature dependence of material
properties and elastic-plastic character of deformation. Availability of reliable software allows
analyzing the behavior of structures during fire, in the process of extinguishing and during
exploitation after fire, to get expert evaluation of fire resistance, stock of resource in the
individual structural elements during the fire, the level of residual stresses after the fire and so
on. This provision provides opportunities for rational choice of geometrical sizes of elements
of constructions, properties of structural and insulating materials with the purpose to continue
the duration of the elements of construction in the midst of the fire with the saving of bearing
capacity. This dramatically reduces the number of field experiments, as only rational projects
are experimentally tested that are obtained through computer simulation.

The formulation of the problem and methods of its solution.

Let’s consider a solid deformable body, which covers area V with the continuous

surface S according to Lipchitz. The body is influenced by the volumetric fiB and surface
fiS forces, given in accordance in the area V and in the part S; of the surface S, of the

movements U’ , given on the part S, of the part S (S; US, =S, S; NS, =), and also due

to the action of thermal factors caused by the fire. The problem is to determine the stress state
of the body, caused by these influences. In the first phase we form a non-linear non-stationary
problem of thermal conductivity of the body. Environmental temperature change is given in
accordance with the time-temperature curve, which practically defines the scenario of fire
[1,2].

The temperature field 7(r, t) in the body describes the equation

chgzeauﬁT) rev, tefo z] )

under initial

T(r,0)=T,(r) (2)

and boundary
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~AVTn=4(T-T,) resS 3)

conditions, where r —radius vector of point; ¢ = c(r, T') — specific heat; p = p(r, T') — density;
A= /l(r, T) — thermal conductivity; V - operator of Hamilton, (V) means the operation of
divergence; n — vector of external single unit to the surface S of the body V ; g =g(r, T) -
heat transfer coefficient; T, — environmental temperature. As we can see, thermal

characteristics depend on temperature and on the point which makes it possible to consider
heterogeneous, piecewise and thermo-sensitive bodies.

Since the fire conditions the body is at high temperatures, it can be assumed that the
heat radiation will significantly affect the temperature distribution in the body.

Assuming the generalized heat transfer coefficient as

B0, Tg)=B(O)+ vxe(T* + T2T, +TT2 +T2) | )

we can consider that heat transfer between flame and the surface of the body by radiation within
the boundary conditions (3), where U — is the index of type of radiation, y — constant of

Stefan Boltsman, T Ta T — absolute temperatures according to the surface of the body and
the environment (temperature of «pseudo-fire», which rises in accordance with the standards
imposed by fire scenarios), ¢ = (1/5f +1/ &g —1)‘l (¢ — emissivity of the flame;

& — absorption capacity of the body surface) [5]. The methodology of solving the problem of

thermal conductivity for thermo-sensitive, piecewise bodies by means of the method of finite
elements of bodies has been proposed and tested in work [10], which presents the results of
solving specific practical problems and the comparative analysis of the numerical solutions with
the results of other authors and relevant experiments has been done.

Unsteady temperature fields that have been defined are the input for the problem of the
second stage which is the determination of the stress-strain state of the body using Lagrange’s
approach, and considering body movement in a fixed Cartesian coordinate system step by step,
when the approximate solution of basic equations, describing equilibrium and compatibility

conditions of the body, is got for discrete moments intime t,,, =t, + At;, i=0,1,...

Let’s consider the random next step loading [t, t+ At] (solutions for all previous
discrete moments in time till t including are known).

According to the principle of virtual displacements the body is in equilibrium at the
moment of timet + At , if [11]

J‘DV t+A0tO_ij 5t+A(§Gij dO\/:t+AtR ’ (5)
where ”Ao‘aij : “Aéeij — are components of the stress tensor of Piol-Kirchhoff of 2nd type and
deformations of Green-Lagrange that refer to the virtual movements su;imposed on
configuration of the body in the moment of time t =t + At , which are the functions of Cartesian
coordinates “*x; of material point in the moment of time t =t+At ("*x,="x,+""u,);

t+At S S 4 t+At
foou d ™S ; (6)

t+At:

t+AtR — t+At fiBéuid t+AtV +
v

I+A!S
f
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YV, "W _volume of body according to the moments of time t=0 i t =t+ At. Deformations
are determined through movement by using correlation

t
t 1 [aotul + aoul + a(;[uk a(.;(uk j ) (7)

e. = —
U2 0% % % o,

It should be noted that the relationship between the components of Piol-Kirchhoff’s
tensors O‘crij and Koch’s tensors 'z, (when the forces are related to the unit of the area of the
deformed body) is:

0 0 0
t _ paxiaxjt
0%ii T T At [V
p OX, OX,

Z-nm ! (8)

where °p, ‘p — the density of the body in two configurations (when t =0 and at the moment of
time t).

All basic quantities in correlation with (5) are referred to one and the same (initial)
configuration of the body ° . It gives the opportunity to define the searching movements,

deformations and tenses at the moment of time t=t+At through the known definitions

NI éeij, Otaij at the beginning of the proposed step of the loading and the corresponding

increases oU;, ,€;, 0y on this stage, that is:

tAt _t CtAt .t CteAt,, t
00§00 to0i:  0Sj=0Ejj i 9)

_teAt

Taking into consideration the trivial correlation ,€;,="")€; —;eij and presentation

"%0€; and g€, through the movement we get schedule for components

0€ij =08 To 5 » (10)

where linear (,€;) and non-linear (o1 ) terms look like:

1 [ 0,u, OgU; d,u, O,u, dau, U,
e, =—- L+ + + 11
"2 [a"xj 0% 0% % 8%, 9% 4
1 0,u, 9,u,
i 550, % (12)

Since variation is taken relatively to configuration, corresponding the moment of time
t=t+At, then 8,;=0 i 8"")e;=8,¢; the original equation of principle of virtual work (1)
taking into account the correlations (9) and (10) looks like:

fo, 00380 ; AV +[, 50, 8md V=R g0 8,8,dV . (13)
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Let’s linearize the resulting equation (13), as we still have a lot of non-linear expressions
in the left part.

Let’s consider approximation to deformation variations (J,€;=04€;) and to
relationships between the stresses and deformations:

OGijZOCijrs (Oers _Oe-rrs) ’ (14)

where ,Cy, =0,0; /0,€,, (the process of constructing a matrix ,C, in the case of non-
isothermal thermo-elastic-plasticity which is described in detail in the monograph [12]);
Oe:s — increases of the temperature deformations in a step of loading. Then:

o, 0Cirs 08B0y d°V +.[0v 09380 d°V = t+AtR_JOV 005000V + o, 0Cis erBogydv . (19)

We are going to write this equation in a convenient matrix-vector form:

[ &Y [CIHoedY + |, {59} [;S1{03dV =

(16)
R . jOV S { SV + j 0 Y [,ClerdV .

Here tensor components of deformations and stresses are collected in vectors:

{e}: (ell’ e22’ e33’ 2612’ 2e13' 2e32)T ; {g}: (gll' gZZ’ 933' 2g12' 2g13’ 2932)T ;

{SS}:(otO'n’ otazz’ oto'ss’ oto'lz’ ot(713’ oto'zs)T-
After substituting the kinematic equations (11) and (12) in (16) we get the linear
approximation for the equations of the motion:

[ o[BI LCl[iB Jourd®V + [, 1503 [sB, [ 1351[5By Hourd®y =

(17)
— [ oy [$B ] ¢Sy aV +f, oy (B, ] [,CIL e aV

where {5 ,u}=(,U,, ,U,, ,Us)" — is the vector of increases of movements on the proposed step

of loading, [é BL] and [é BNL] — matrix of differential operators of kinematic equations (11) and
(12) in accordance,

HAR = LV{5OU}TfB doVv + j05{50u}Tf5 dov . (18)

We use the correlation of the principle of virtual works (17) for the definition of the
increases of the movements on the proposed step of loading. It should be noted that its structure
is universal and remains unchanged for all partial cases, in particular, for axisymmetric or plane
problems, and also for the problems which were got due to the usage of assumptions of the
theory of beams and cores. As a result, during the numerical implementation there will be the
only general structure of solution and only the blocks will be changed, that are responsible for
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calculating the specific characteristics of the matrix-vector [SBL], [gBNL], [L,Cl. [,S] etc. For
example, in the case of three-dimensional space problem

. -7

0 0 0
ao0 0 0 0O 00 0
X, 00X, 00X
0 0 0
‘B,J=| 0 —% 0 o g Sof g
[0 L] aoxz aOXS aoxl
0 0 800 0 800 (’ZO
| 0 X, 0%y 0°X, |
aOtul a0 aOtUZ 80 aOtu3 a0
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0%, 0°%, 0°x, 0°, 0°x, 0°%,
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0%, 0%, 0%, 0%, 9%, 8%, 0%, 8%, 9% 8%, a%, 0%,
aOtul a0 a(;(ul a0 a(;UZ a0 a(;uz aO aOtu3 a0 +80tu3 a0
0%, 0%, 0%, 8%, 0%, 0%, 9%, %%, % 8%, 0%, 0%,
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r T
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0 0 0
Byl=| O 0 0 E e ¢ 0 0 ;
LB ] %, %, 0%,
o 0o o o o 0 2 % G
i 00X, 00X, 0X; |
t t t t
03-0 0 001 0912 0013 000
[,S1=]0 S. 0 |, :S.=| 30y 005 905 |, 0=[000].
0 0 ,S. 003 005 90 000

For two-dimensional beam of Euler-Bernoulli, which has been got by means of the
introduction of the hypothesis of flat sections [11], whereby movement u;, u, of beam points
define longitudinal movements v, and hogging Vv, of the points of its axis in relations:
d*v,(°x,)
0,2 '
Xl

( x, —coordinate along the beam axis), corresponding matrix characteristics have much simpler
form:

0

ul( X Oxz) =V (Oxl)_oxz uz(oxl’ Oxz) =V, (Oxl)
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d
[ ] d d.u dou, d d? d 0
g |= 14 071 042 Oy - [t _ 1 .
oot {doxl( doxll d% d%  “d%’ | N o ’
d %,
[é S] :{ctJ S}:ot Oy
All integrals in equation are simplified (17), because
[dv =[dA[d%,, (19)
Oy °A

where °A —is a cross-section of the beam.

Because of standard finite-element of sampling area % and a certain approximation of
desired increases of nodes movements of every separate element by means of form
function [11] key correlation (17) takes the form

(K I+ Ky Dig=""{P}-{F}, (20)

where {q} — is the global vector of the unknown nodes, that allow to determine the increases

movements of body.
We get matrix-vector properties in correlation (20) by means of summing certain

characteristics of specific finite elements: °v °:

[K I = [INI'[sB 1" [,C][;B, 1[N]dv;

Dve

[Ky I = [INI"[;B o I'[5S1[sBy JIN] dv;

t+At{P}e — J.[N]T t+Ath dS+ I[N]T t+Ath dV,
Ose OVI

{FY = [INI'[:B ) S}, CKoe" Dav. (21)
OVe
here [N] —is functions matrix of the form [11], that provides deformation compatibility through

transition from one finite element to another.

Iterative process of the building of nonlinear equations system solving (20) using the
method Newton-Raphson [11] can be represented in three steps.

Step 1. At — iteration (at the beginning of calculationsi =1) we have initial approach:

for movements “*u®®, which are defined from finite-element representation
AU = INTH{Q ' ({g}¥ ="u), and deformations '™

Step 2. According to these approximations we calculate "o and then we calculate
tangential matrix of state [,C]"™. If there is elastic on the certain step of deformation, then
deformations “*'™® give the opportunity to receive voltage directly**'&%* and matrix
[OC]“'” . According to elastic-plastic deformation

t+at(D
t+At (i1 t
BT A, Ida.
t
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According to received approach of stresses "' (at the end of (i —1) - iteration) we

calculate matrix [,C]*™.
Step 3. We form matrix equation:

(t+At [K L]+t+m [K " ]){q}(i) _t+At {P} _ t+At{F}(i—l)

out of which we can define another approach of increases of nodal movements {gq}" on a
certain step of loading, next — approach for the moving of nodes ““*{gq}*"="*{g}" ™ +{q}?,

movements “*'u® and deformations “*'<®, after which we go to step 1 of iteration process
(when i=1+1). Then we continue the calculation on the steps 1 — 3 on the step of loading
[t, t+At] to achieve convergence.

On the basis of the mathematical model and methodology of solving the formulated
problem of thermal conductivity and thermal elastic-plasticity appropriate software has been
developed.

Methodology of its development is described in detail in the works [12 — 14]. Using
software development thermo-mechanical behavior of a number of steel, concrete and
reinforced concrete structures has been investigated.

As an example of the proposed method we are going to simulate the thermomechanical
behavior of the I1-construction, made of heat-sensitive steel C30 under conditions of fire.

The results of computer modeling and analysis.

The dimensions of the construction, terms of its consolidation and power of loading are
shown at the Figure 1.

F 20 = F
|
Pty 1YY Sy vy
|

L=9mM(A=0.2x0.2 M)
p=280xH/Mm(h=02mnm)

. __0:2 M

Pl aaa Faaaiddi

Figure 1. Steel IT-Construction

We consider that out of the inner surface the construction is under the influence of
«pseudo-firex», variable in temperature over time is considered as

TS =T +345Ioglo(8-t+1) (21)

0
according to the international standard 1SO 834 [2] (this temperature is taken into account in
the boundary condition) (3) as the temperature of the environment). Other surfaces of the
constructions are isolated.
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The dependence of the thermal and mechanical properties of steel from the temperature
IS given in the monograph [14]. For approximation of the temperature-dependent deformation
of the curves and physical and mechanical properties of materials the interpolation splines have
been used, which are built according to the points of already known experimental curves that
describes thermo-mechanical behavior of materials in a wide temperature range.

Thermal conductivity problem is solved by means of using isoperimetric quadratic finite
elements [10]. In order to solve thermal elastic-plasticity problem cubic beam finite elements
have been applied [11]. Convergence of the solutions has been investigated by means of
comparison of the numerical solutions on different, according to the density, finite-element
divisions of the construction at various steps of sampling process of thermal conductivity
according to time (when the solutions, that have been got on the certain steps coincide within
1% with the solutions on twice less steps and this convergence was considered to be achieved).

The temperature division in the middle section of the beam cross-bar at the moment of
time, when the construction exhausts its carrying capacity, is shown at Fig. 2.

At Fig. 3 temperature changes of «pseudo-fire» over time are shown Ts (curve 1), and
also the temperature on the upper (curve 2) and the lower (curve 3) surfaces of the bar in its
median section of beam which have been in the midst of the fire for two hours.

Analysis of the results shows that during the fire in the beam cross-bar at the beginning
of the sixth minute (t =320 ¢) first plastic deformations appear. Ability to elastic-plastic
deformation and further strengthening steel beam is exhausted after 19 minutes. Axial stresses
in the beam at this time are shown at Fig. 4.

Obviously, increasing of the fire resistance of the constructions is connected with the
using of insulation materials from the surface of possible ignition and also with the
manufacturing of the constructions from the materials physical and mechanical properties of
which counteract rapid heating and growth of temperature difference in the construction.

The approach will be used in future for the investigation of thermomechanical behavior
of structures during fire extinguishing and determination of residual stresses in them after a
sharp cooling on the stage of the fire extinguishing that have been launched until the loss of
structure bearing capacity, and also in order to receive expertise review of opportunities for
further exploitation after the fire extinguishing.
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Figure 2. Temperature distribution in nodes of the bar middle section at t =19 min.
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Figure 3. Temperature changes at the bottom (curve 1) and the top (curve 2) surfaces of the bar, and of a
«pseudo-firex» (curve 3).
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Figure 4. Stresses at the bottom (curve 1) and the top (curve 2) surfaces of the bar
at moment t = 19 min.

Conclusions. The process of elastic-plastic deformation and temperature dependence
of material properties should be taken into account when modeling thermomechanical processes
in structural elements under the fire. We get the significant deviations in the distributions of
received parameters characterizing stress-strain state structures from actual ones if we do not
consider these factors. It is also important to consider the stage of extinguishing the fire, on
which the residual stresses are actually formed, and evaluate the strength of structures at the
stage of their operation after the fire.
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VJIK 539.3

OIIIHIOBAHHA BOTHETPUBKOCTI EJIEMEHTIB KOHCTPYKIIN
3 YPAXYBAHHSIM HEJIHHIMHOCTI ITPOIIECIB iX
JAE®OPMYBAHHA

boraan /Ipodenko; Ouexcanap bypux

Inemumym npukiaouux npooiem MexaniKu i Mamemamuxu
im. A.C. Iliocmpueaua HAH Ykpainu, Jlveis, Yrpaina

Pe3tome. 3anpononosano oOpicHMOBaHy HA  BUKOPUCMAHHA YUCTOBUX Memooi8 O0CHIONHCeHHs
Mamemamuury Mo0enb KilbKICHO20 ONUCY MEePMOMEXAHIUHUX Npoyecié 8 eieMeHmax KOHCMPYKyill nio uac
ROJICENCT 3 YPAXYBAHHAM NPYICHO-NIACMUYHO20 XAPAKMEPY 0epOpMYyanHs ma memnepamypHoi 3ai1eiCHoCi
Qizuxo-mexanivnux — xapakmepucmux — mamepianis. Modenv  Oazyemvcs  HA  3ANEHCHOCMAX  Meopil
menionpogionocmi ma Heninitinoi mepmomexawnixu. Ilo6yoosano 3 GUKOPUCMAHHAM MeMOQOY CKIHYEHHUX
eleMEeHmi6 MemOOUKY HUCETbHO20 MOOENIO8AHHSL NPoYecie 0ehopMy8anHs KOHCMPYKYIU 30 [HMEHCUBHUX
memMnepamypHux ma CUlOBUX HABAHMAdICeHb. [N anpoxcumayii  memnepamypHo-3aNeHCHUX —KPUBUX
Odeghopmysarnuss ma Qi3uKO-MexXaniyHux XapaKxmepucmux Mamepianie SUKOPUCIIAHO THMEPNONAYIUHI CNIAUHU,
noby0o8ani 3a MOUKAMU GIOOMUX eKCHEPUMEHMATbHUX Kpusux. AK npukiad, 6UKOHAHO KOMN OmepHe
MOOENOBAHHSA MEPMOMEXAHIUHOT NOBEOIHKU CMaNesoi KOHCMpPYKYil 3a ymog noocedxci. Ompumano oyiuky it
6802HEMPUBKOCI.

Knrwouosi cnosea: mepmomexanika, memoO CKiHYEHHUX eleMeHmis, B0SHeMPUBKiCMb, NPUHYUN
8IPMY AIbHUX NepemMilyeHb.

Ompumano 17.02.2016
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