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CONTACT INTERACTION OF THE PARABOLIC PUNCH WITH
PRELIMINARY STRESSED PLATE FIXED ON THE RIGID BASIS
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Resume. Solution of the contact problem on the interaction of the punch with preliminary stressed thick
plate is presented in the article. Analytical solutions for the plate were found while it’s modeling by the preliminary
stressed layer of the finale thickness. System of double and triple integral equations obtained here and solved while
presenting the necessary functions as the finale set sums according to the Bessel functions with the unknown
coefficients and further obtaining of the finale systems of linear algebraic equations for their finding. Basing on
the obtained stress-strain state the effect of the punch configuration on the stressed state of the thick plate has been
analyzed.

Key words: linear theory of elasticity, contact interaction, contact stresses, parabolic punch, plate, layer,
initial deformation, preliminary stresse

Received 05.05.2016

Problem setting. Determination of contact stresses and deformations in the interaction
of rigid punch with elastic plate is an important objective in the design of machine parts and
elements of buildings, especially when assessing the strength of reinforced concrete slabs,
monolithic foundation slabs in construction, pavement etc. To minimize calculation errors
maximum number of factors affecting the contact interaction should be taken into account. The
initial deformations, which directly influence contact stresses and displacements, are among the
key factors.

Analysis of the known research results. Many scientists, including domestic ones,
studied the interaction of bodies with existing residual permanent deformations. In general,
setting of such problems requires the involvement of nonlinear elasticity theory apparatus, but
in dealing with rather large initial deformations, its linearized version can also be used [1].

Despite the increasing number of studies on the contact interaction of bodies in their
pre-stressed state [2-4], the problem of pressure of a parabolic punch mounted on a rigid
foundation of a pre-stressed hard thick plate is still not resolved for compressible and
incompressible bodies in general with arbitrary structure of the elastic potential.

Problem setting. Setting and problem solving is done within linearized elasticity theory.
Thick plate is modeled by an isotropic pre-stressed layer.

z Consider a rigid parabolic punch that
P without rotation and friction goes forward
and presses into a pre-strained layer with
thickness h, mounted on a rigid base.

Let us assign a cylindrical coordinate

system (O, r,6,2) so that the coordinate

plane (r, O, 8) coincides with the upper

plane layer limit and axis Oz — with force
777 application line P (Fig. 1).

Suppose contact area a radius is
known and determine the corresponding
focal parameter of the parabola R . Based on

Figure 1. Contact interaction scheme of
parabolic punch and layer
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the formulation of the problem the function can be described as a graph rotation around the axis
Oz which forms punch
0,0<r<r;
W)= i(r - ra)z, r<r.
2R
The boundary conditions of the problem appear to be as follows:

o,(r,0)=0,0<r<o; (1)

o,(r,0)=0a<r; )
u,(r,0)=w(r),0<r<a; (3)
u (r,-h)=0,0<r<oo; (4)
u,(r,~h)=0,0<r <. (5)

The function w(r) describes the movement of the dots of elastic layer upper boundary

plane in its contact area with a hard punch. Therefore, based on the type of function W (r), it

can be written:

w(r)= 2R _ (©)

w(a) - [(a— r,) —(r—ra)z] r,<r<a.

The solution of the problem. Let us assume that residual permanent stresses, present
in the layer, are uniform. It makes possible to use the following expression for the components
of the stress tensor and displacement vector [1]

o,(rz)= —cslTaS{Alsh(az) + A [ sysh(az)+azch(az)]+

0

+Bch(az)+B,[ s,ch(az)+azsh(az)]}J,(ar)da;

- (7
O'ZZ(r,Z)ZC%J.OlS{AiCh(aZ)-FAZI:SCh(aZ)+aZSh(0[Z):|+
+Bysh(az)+B,[ ssh(az)+azch(az) ]}, (ar)da ;
ur(r,z)z—Taz{Alch(az)JrAz[ch(az)+azsh(az)]+
+Bssh(az)+B,| sh(az)+azch(az) |} J,(ar)da;
sh(az)+B,[ sh(az)+azch( z)]} (ar) ®

u,(r,z)= m]?o:2 {Alsh(az)+ A[ssh(az)+azch(az)]+

+Bch(az)+B,[sch(az)+az Sh(aZ)]}JO(ar)da.
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Constants C,;, C3, M, S, S,, S, depend on the nature of the elastic potential and are

31°
selected separately in each case. [1] The function’s unknowns A, B,, A,, B, are determined

from the boundary conditions of the problem.
On the top boundary plane layer when z =0 of the relations (7) — (8) we obtain

0, (1,0) = ¢ [@*{A + A}, (ar)da: ©)
O'rz(r'o)z_CmTO‘B{BlJfsto}Jl(ar)da; (10)
U, (r,0)=m[a? (B, +B,5)J, (ar)da. (1

The bottom boundary plane layer at z =—h gives the following

u, (r,~h)= —Toﬂ {Ach(ah)+ A,[ch(ah)+ahsh(ah)]+ )
—Bysh(ah) - B,[ sh(ah)+ahch(ah) ]}, (ar)da

mja {~Ash(ah)+ A,[ s sh(ah)-ahch(ah)]+
(13)
+Bch(ah)+B,[s,ch(ah)+ahsh(ah) ]}, (ar)da

Demanding fulfillment of boundary condition (1) in the equality (10) we obtain the
relation between functions B, and B,

B,+B,s,=0; = B, =-5,B,. (14)

Substituting (14) in relations (12) — (13) and satisfying the boundary conditions (4) —
(5), we will have a system of equations regarding unknowns A and A,

Ach(ah)+ A,[ ch(ah)+ahsh(ah)]|=B, [ahch ah)+(1—s0)sh(ah)];
15
Ash(ah)+ A,[s;sh(ah)+ahch(ah)]=B,[(s,—s,)ch(ah)+ahsh(ah)]. (1
Upon solving (15), we obtain expressions for A and A, by function B,
Al:(ah)z—sl+soch2(ah)—soslsh2(ah) _
(s, —1)ch(ah)sh(ah)+ah 3 (16)
A :(Sl—SO)ChZ(ah)—(l—so)Shz(ah)

(s,~1)ch(ah)sh(ah)+ah :
Given the relations (14) and (16) Expressions (9) and (11) take the following form:
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azz(r,o)=c33(s—30)TZ(zz)Jo(ar)da; (17)
uz(r,o):m(sl—so)TaszJo(ar)da; (18)

(s,—1)sh(ah)ch(ah)+ah
(ah)’ =, + (s, + 55, — 5, )ch? (@h) — (5,5, + 5 — 85, )sh? (ah)

Ala)=

Satisfying the boundary conditions (2) of (17) we will get

C33(S - SO)T

a°B,
J r)}da=0,a<r.

Let us introduce an unknown function x(r), 0<r <a, by which continue correlation
(19) for the period 0<r <o

c33(s—so)]o()lSBZ Jo(ar)da =x(r)n(a-r), 0<r<ow, (20)

where 7(r) — Heaviside function.
The function X(r) determines the distribution of contact stresses under the punch.

Taking into account their continuity and the lack of contact at the area boundary (at r =a), let

. . . . . A
us represent X(r) as a segment of Fourier generalized series with functions J (—" rj
a

N A
r,0)=x(r)=>alJ,| —=r|,0<r<a,
O-zz( ) X() ;n O(a j r a (21)

where 4, n=1N — positive roots of Bessel function Jo(4,)=0; and a, — unknown

coefficients.
Applying the formula to convert Hankel transform into formula (20) and taking into
account the representation (21), we get

a’B, 1 St (A
RS ;an!'rJo( rj\]o(ar)dr. (22)

Entering designations
F A
g =|rd,| —2r|J r)dr,
()= [ Zeay e

from (22) we obtain
)
aszz—Zan\Pn(a). (23)
- n=1
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Substituting equation (23) in equation (18), we obtain

0. (r0) 8 ala) ¥, )3, e = (4

Demanding fulfillment of boundary condition (3) and taking into account (24), we find

klnianTA(a)‘Pn (){3(ar) 3, (aa)}da = o (1), 25)

—i(ra —a)’,0<r<r;
o' (r)=] °R

i[(ra - r)2 —(r, —a)z] r,<r<a.

2R
Multiplying equation (25) by rJ, [—q r] and upon integrating the obtained expressions
a
on r from 0 to a, we will have
N w -
ZanIA(a)‘I’n(a)[q’q(a)— KqJO(aa)]da =—,9g=LN; (26)
n=1 0 1
p A S, A
K, :IrJO(—qr]dr; w, :_[ra) (r)Jo(—qudr.
0 a 0 a
Enter designation
a —ia* o)
" 2Rk, " 27

In view of which (26) we get a system of linear equations N concerning unknowns a_ .

The expression to determine the focal parameter R, which is a part of formula (27), we
find from the condition of punch equilibrium

27r_[rozz(r,0)dr=—P. (28)
0

Substituting in (28) Expressions (21) and (27), we define
L kP A
2R 27

n=1

a, K, (29)

*
n

considering (29), (27) of (21) we will have a formula for determining the distribution of contact
stresses under the punch
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N * ﬂ/
ZanJo["rj
_ P n=1 a
Gzz(r’o)__g i . : (30)
a’K

n=1

n

On the basis of relations (18) and (27) we find the formula for determining vertical
displacements of the upper boundary plane layer

kl_PnZN;a:IA(a)‘Pn(a)Jo(ar)da

u,(r,0)=- N : (D)
27 za:Kn
n=1
: . : : . 0,(r,0)
The numerical example. Fig. 2 and 3 show the graphics of functions o = — 5

~ U, (r,0 : o .
and u :% that characterize the distribution of contact stresses (30) and vertical

displacements (31). As a numerical example, we consider the case of the presence of harmonic
type elastic potential in the plate [1] and the presence of a flat section in the punch basis with
h=1, a=1.Curve 1 corresponds to r, =0, curve 2 —to r, =0.2, and curve 3 —to r, =0.5.

As can be seen from the figures, the shape of the punch significantly influences the size
and distribution of contact stresses. In particular, the parabolic punches without a flat area at
their base have the extreme values of contact stresses in the center of contact area. The
appearance of flat areas causes extremum points to shift to the edge of the contact area and
reduces their absolute value.
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o] 1 u
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\

Figure 2. The distribution of contact stresses Figure 3. Vertical movement

Conclusions. Within the framework of linearized elasticity theory the authors presented
formulation and solution of axis-symmetric contact problem of the interaction of a parabolic
punch with a pre-stressed plate, mounted on a rigid base. The influence of flat areas in a rigid
punch base has been analyzed. It was established that the shape of the punch influences the size
and distribution of contact stresses. In particular, the parabolic punches without a flat area at
their base have the extreme values of contact stresses in the center of the contact area. The
appearance of flat areas causes extremum points to shift to the edge of the contact area and
reduces their absolute value. If r, =0.2a (Fig. 1), the absolute value of contact stress reduces

by approximately 10%, and if r, = 0.5a — by 12%. Vertical displacements meanwhile decline
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by 9% and 11% respectively. Obtained results can be used in the development of contact stresses
or vertical displacement reducing techniques when designing various kinds of structures.
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YAK 539.3

KOHTAKTHA B3AEMOIIA TAPABOJITYHOI'O HITAMIIA I3
HONEPEJHbO HAITIPY?KEHOIO INIMTOIO, 3AKPIHIUVIEHOIO HA
KOPCTKIN OCHOBI

Ipuna I'aGpyceBa; Ouer Ilanuyk; bopuc llenecTroBcbkuii

TepHoninvcokuil HAYIOHANLHUL MEeXHIYHUL YHIsepcumem imeni leana Ilynros,
Tepnoninw, Ykpaina

Peztome. Hasedeno po38’s30Kk KOHMAKMHOI 3a0aui Npo 63Ae€MO0il0 napaboniunoco wmamna i3
NnONepeoHbO HANPYJHCceHo Moecmoio naumoio. 11ooyoosa ananimuynux po3e sa3Kie O0isi NAUmMuU NpoBOOUMbCS
wiisAxom it MOOeno8anHs NONEPeOHbO HANPYICEHUM Wapom cKiHueHHoi moewunu. Cucmemu napHux ma
NOMPIIHUX [HMESPANbHUX DIGHAHb, WO HPU YbOMY OMPUMYIOMbCI, PO38 A3VIOMbC 3d 00NOMO2010 NOOAHHS
WIYKAHUX (DYHKYIU Y 6uenaoi CKinyeHHUx cym psoy 3a gyuxyiamu Beccens 3 negidomumu xoeghiyienmamu ma
nOOANLUWUM OMPUMAHHAM CKIHYEHUX cucmem JIHIUHUX aneeOpaiyHux pieHsaHb 015 ix 3Haxooxcenus. Ha ocnosi
OMPUMAHO20 HANPYIHCEHO-0eOPMIBHO20 CIMAHY NPOAHANI308AHO BNAUE OPMU WMAMNA HA HANPYICEHUL CIMAH
moecmoi naumu.

Kniouosi cnosa: nineapuzosana meopis npysiCcHocmi, KOHMAKMHA 83AEMOOIsl, KOHMAKMHI HANPYIICEHHSL,
napaboiuHull Wmamn, RIUMa, wap, no4amrosi oeghopmayii, nonepeoHi HanpyICeHHs.
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