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Summary. The displacement and deflections of reinforced pipeline supports with cellular (hollow) walls
are estimated. The investigated pipeline is constructed from a spiral tube. The pipe is divided into finite circular
closed cylindrical shells of a certain length, at the ends of which elastic supports having the appropriate stiffness
are located. The theory of anisotropic cylindrical shells is used. By the equations of the linear theory of anisotropic
cylindrical shells, the averaged components of the displacement vector are determined. An appropriate system of
differential equations is derived in order to establish displacements. The solution of these equations is presented
in the form of double trigonometric Fourier series. In this case the normal ground resistance of the pipeline burial
is taken into account. As a result, numerical calculations of displacements and deflections of the cellular pipeline
are carried out.
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Introduction. Direct application for laying and renovation of sewage drainage, water
supply systems, etc. requires the calculation of the parameters of the pipelines during their
operation. This particularly regards the pipelines of large diameter. Therefore, let us consider
large diameter pipes that function along with the surrounding environment [3, 10], particularly
with the ground. In such pipelines, the external load causes deformation greater than 3% which
is considered to be boundary. One of the external load factors is the ground. It produces its own
load which acts directly on the pipeline in a vertical direction. At the same time, as the result of
structure interaction with the surrounding environment, the horizontal evaporation occurs
greatly affecting the deformed state of the flexible pipes. Consequently, the horizontal
evaporation should be taken into account when calculating and designing the structures below.

The effect of soil evaporation is mostly observed if there is a sufficiently compressed
outer medium of large diameter pipelines. In such cases, it is accepted to use the empirical
formula for engineering calculations [8, 10]
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If flexible pipes are reinforced with elastic ring supports, we can increase their ring
stiffness and prevent undesirable cracking [5, 6]. This allows to optimize the design parameters,
reaching the minimum mass provided with sufficient pipeline operational reliability. The
investigated pipeline is constructed from a spiral tube. It is apparent that such structures with
relatively small mass, while in the ground, can withstand significant external loads. Therefore,
the calculation of its parameters is an important task.
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Statement of the problem. Let us consider a long cellular (hollow) pipeline (Fig. 1. a),
reinforced by circular periodic ring supports with step 1. The balancing force q is applied to

the structure, and is evenly distributed along its length (Fig. 1. b). The pipeline is made of the
spiral tube with diameter d, and the tube wall thickness is h.

a)

Figure 1. Cellular spiral single-layer pipe. 1 — welded seam; 2 — tube winding of the pipe wall;
3 — elastic ring supports

In order to increase the structure ring stiffness the pipeline is reinforced with elastic ring
supports arranged periodically with step 1.

Since we have the periodic construction, then the infinite pipe is divided into finite
circular closed cylindrical shells with length I, at the ends of which there are elastic supports,
having the corresponding stiffness.

Figure 2. Scheme of the structure wall, mounted mycrotinumu Tpyoxkamu

Let us assume that the closed cylindrical shell consists of circular vertical hollow rings
welded together.

General method of problem solution. Let us cut out from the shell a small element
(Fig. 2), which is formed by two pairs of adjacent planes, which are normal to its median
surface, and introduce mixed system of coordinates O'xyz (Fig. 2). The position of the point of

the shell median surface is characterized by coordinates x and y=R¢p, where X is the distance
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from the point of origin from the initial equatorial section, ¢ is the angle between the initial and
the arbitrary meridian plane, that is, is deducted from the vertical plane.
Let us introduce the averaged displacement

u*(x,y)=au(x,y), o (x,y)=®o(x,y), w (x,y)=dw(x,y). (2)

where u(x,y), o(x,y) and w(x,y) are are the displacement vector components of the median
X+h/2
surface of the cylindrical shell. Here ®u == fu dx is an integral operator averaging function
x—h/2
uon the interval [x—h/2..x+h/2].
Applying the theorems for the differentiation of Riemann integrals and parametric
integrals [2] to expressions for deformations [1] &, =0u/ox; Ey =0v/0y +W/R;

Xy = —82W/6y2 —W/R2 Ta Yy = —azw/@x2 and proceeding from the relations (2), we obtain
the averaged components of the deformation for a closed cylindrical shell

%

o au™(x,y) 8*_80*(x,y) whoL fwi(xy) w
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« 0w (x,y)
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By the expressions for the averaged displacements (2) and the averaged components of
the deformations of the shell median surface (3), we derive the following relations for the
averaged forces and bending moments [7]

Ny(x.y)=Byey(x.y)+1Byex(x.y), My(x y)=-Dyry —1Dxrx, ©)

where N;=(CDN'y+v<I>N;()/ﬁ—v2), M;=(<I)Mg,+v<1)M;()/(1—v2) are relatively the

averaged force and bending moment; Dy, Dy ta By, By are cylindrical stiffness and tensile
stiffness of the closed cylindrical shell, which we determine from the relations (4) in the

following way:
* hE

. EF . hE . LE
BY = Bl = . Di= X5 D=
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Here F =hdg(x) is the cross-sectional area of the tube forming the pipe wall, taking
into account the weld seam; G = had(1/g(x)); Iy = h®dt(x) is the inertia moment of the tube
cross-section of the construction wall set, taking into account the weld seam relatively to the

h/2 h/2
axis Ox; J, =hd(Yt(x)); g(x)= [f(x,z)dz, t(x)= [ 2%f(x,z)dz, me g(x) Ta t(x) are
“h/2 “h/2

periodic functions with period h; E is Young modulus, v is Poisson coefficient of pipeline
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material; f (X, 2)=1 when at point (x, z) cylindrical shell walls is material and f (x, z)=0 if it is
absent.
It should be noticed that other resultant forces [1, 9] Ny(x,y), Ny, (x,y), bending

M, (x,y) and twisting M Xy(x, y) moments were averaged in a similar.

Taking into account the relation (4), on the basis of [1] we obtain the equation of the
linear moment theory of anisotropic cylindrical shells with solid walls for the determination of

the averaged components of the displacement vector u*, v™ and w”.
The equation of the linear torque theory of anisotropic cylindrical shells is as follows:

L0%U  _w1-vo%u 4 l+v %0 v ow
By > + By > +By +By
X 2 oy 2 oOxoy R ox

B*(1-—v 2 2 2 2
y( )(8 u o UJ-FB*[G—U 0 W]+VB* o‘u

X

+ +—— ——=—qy,
2 Xy  ox2 Mloy2 oyR X oxay dy
4 2 4 2 4
D:a—\:lv+v(D;+D;)a—2£2+ Dy a—‘2’+26—2ﬂ2 +VD;%+
OX ox“ R oy oy~ R ox“oy

(5)

4 D*
Dz‘,(Z—v)%+—ZW+i B;[@+ﬂJ+vB;a—u —qg, =0.
oxoy° R R ad R Ox

Here g4, gy, g, are projections of the external forces vector on the corresponding

coordinate axes; R is radius of the median surface of the cylindrical shell.

In the following equations (5), and below, the index «*» will be omitted understanding
that we find averaged displacement for closed cellular cylindrical shell.

The horizontal ground reaction on the cylindrical shell can be represented as a radial
reaction (Fig. 1. b)

_ [kw(g, x), where w(p,x)>0,
ﬂ(¢’x)_{0, where w(p,x)<0, (©)

where k is — the coefficient of resistance of the elastic medium surrounding the shell in the
normal direction.

To simplify the problem we assume that w(g, x) > 0 gets the value in straightforward
area

Q={pelpy.7-@]U[r +¢.27 -] x 01},
where angle ¢ is shown in Fig. 1. b and its value is given below in this paper.
The solution of the system of differential equations (5) is constructed by means of the

Bubnov-Galerkin method consists in the fact that the displacement vector components are
presented in the form of double trigonometric Fourier series [9].
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S mzzx S max .
w= > > Cppc0s——cosng, v= > > Bp,cos——sinng,
m=0n=2 I m=0n=2 I
0 0 . max
u= > > Ap,sin——cosng. )
m=0n=2 I

Recorded rows do not contain members with numbers n=0 and n=1, since the
corresponding displacements will represent the circle shift as absolute integer [9].

With such statement of the problem at the ends of the cylindrical shell, we determine
the following boundary conditions:

wW(@)=W(p), v(p)=V(p), if x=0and x=1,

and

u=0, @:0, if x=0and x=I, (8)
OX

where W(g), V(@) are the displacement vector components of the frame, relatively, in the
radial and tangential directions.

By direct substitution x=0 and x=1 and in the development (7), we obtain that the
components of the displacement vector of cylindrical shell satisfy the second group of boundary
conditions (8).

Let us present the external distributed force q through the distributed load [1, 9] in the
following way:

9%, 0)= - =

© m X
e > Amn cosl—cosn(p, 9)

0n=0

?MS

where As = RAg is the arc element directed to zero;

B 0, m=123..., n=12...,
fmn = q(l+cosnz)/(7R), m=0, n=12....

p Z

Figure 3. Scheme of elastic support contact with cylindrical shell
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As a result of the interaction of elastic frames and cylindrical shell the unknown
interacting normal p(¢) and tangential p, (p) forces distributed over the rim occurs on its ends.

They can be represented through distributed loads [1, 9]

(1o)=L = 5 5 pycos ™ cosn,
m=0n=0
S
P (X, @)= & Z Z Pz CO : ——sin ne, (10)
X m=0n=2

where Ax tends to zero; p,, {an(1+( D" )/I m=123..

2pp/l, m
Prmn = 2p,n(1+( oA )/I m=1,2,3...’ and p,, p,, are unknown coefficients to be
2p,n/l, m =0,
determined.

Let us decompose the normal evaporation of the ground #(x,¢) into double
trigonometric Fourier series

n(x, ¢)= Z Z Cin c0s % cosng, (11)
m=0n=2 I
k (e8]
where Cfp, :—Z fin, n=23..., m=0]1...

ﬂ- :

=g 27—
Here fi; = [cosipcosnpdp+ [cosigcosngde.

40 T+¢q

Substituting the development (7), (9) — (11) into the system of differential equations (5),
we obtain for each value m its own system of linear algebraic equations (SLAE) for the

determination of the unknown coefficients Ay, Bmn and Cp,

L mr)? . (1=v)n? «1+v mnz «V Mz

2 2
1-vmnhrx 1-vimnrx n n v mnrx
B;(_—Amn_(_j an_Ean_gc } B*_—Amn Prmn

2R | 2 | R
4 2 4 2 2 2
«( Mz * <\ Mz x| N 2n «( mnz * mn s 1
{DX(I—J _V(DX+DyIﬁj +Dy(¥—¥J+VDX(WJ +Dy(2—V{ RI j +¥Jcmn+
1 * Rvmﬂ' * k
+¥(Bx I—Amn + By By +Cmn)) = 2 Crmi fin = Admn + Pmn » (12)
i=2

where n=2,3..., m=0,1,...
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Solving the systems of linear algebraic equations (12) for each pair m and n, we get
Bmn = PnBmn + PznBmn +dmnBmn:»  Cmn = PnCmn + Pz,Cimn + dmnCrmn, (13)

where Ctin, Crins Cin T Binns Bmns Bmn are constants.
The equilibrium equations of the frames are as follows [4]

E'Ip[ d’ (d2w<¢)+w(¢)}+ a2 [dszhv(q,)ﬂm{ pr(¢)+dp<¢>jzo,

2 |dp°| do? dp? (| do? do
EF 2
2 (de do dp

where I, is the inertia moment of the ring support cross-section relatively to the axis of the s

support symmetry, F, is the area of the ring support cross-section.

The displacement vector components of the elastic frames and the unknown interaction
forces occurring on the ring supports are provided by the development [9]

W(p)= YWpcosng, V(p)= YVysinng, ple)= > ppcosne,
n=2 n=2 n=2 (15)

pz’((”): Z Prn sin ne.
n=2

Substituting the development (15) into the equilibrium equation of the frame (14), we
obtain the following expressions for coefficients W,, and V,, determination:

R2 (FpR2 + 1 p)”pn +(FpR2 —n’| p)prn

W, =-
2
2n(n —1)2EI pr

o2 (FpRZ +n?l ID)npn +(FpR2 —n* I[,)pfn

Vp=-
2n?(n? 1f E1,F,

, (16)

where n=23,...

On the basis of the first two boundary conditions (8), taking into account (13) and (16),
we obtain for each n of our systems two linear algebraic equations for the determination of
unknown coefficients p, and p_

0

2 A 14 " 2 ! n "
T(pnCOn + PrnCon + quCOn)+ X I_(l"'(_l)mxpncmn +PrnCmn + qmnCmn):Wn

m=1
o0

2 ! 14 " 2 ! " "
T(pnBOn + Pz Bon +q0nBOn)+ )3 T(l"'(_l)mxpann + Pz Bmn +qmann):Vn-
m=1
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Here N=2,3..., m=01.2....

The coefficient of the ground evaporation k in the normal direction depends on the type
of the ground and its compression. It depends nonlinearly on the external load. In many
calculations of pipelines with the surrounding elastic environment, it is assumed that

E{ =kR, 17)

where Eg [10] is ground cross-section module.

Calculations of the pipeline deflections and displacements. Taking into account the
previous considerations, a numerical shell calculation at various input parameters was carried
out. Fig. 4 — 6 represent the results of numerical analysis of the set task for the Young modulus
E =850 MPa, the Poisson coefficient of the construction material v =0.25; depth of burial
H =1m and soil density p=1700 kg/m®. Here the solid lines correspond to the pipeline with
the radius of the shell median surface R =1 m, and the dash lines —with R =0.5m. It is assumed
that the diameter of the spiral tube equals h=R/20, the thickness of the tube wall is d =h/10.

The graphical dependences of the given maximum deflection of the structure Apay /A
on the value R/l, where A =w(/2,0)+w(/2,7) is the maximum reduction of the pipeline
diameter at | — oo are shown in Fig. 4. Curves 1 and 1" are constructed for reinforced by frames
pipelines without taking into account the ground reaction, curves 2 and 2’ are constructed at
ground cross-section module E; =1MPa, and curves 3 i 3 relatively when E; =2MPa.

4.0

1.0 =T S
Al A TF 7 ~— S iy
A= G
. / A / 2 n
3142 o 3.0
0.75 Y7 /, \
17 //\1 \\ \2
05 L / — NIANRN
. " 7 1 . \ N
] N
vy /)/ \¥§\2
0.25 [ Y+ 1.0 IR M e S
’ ! Vi = __——\T""::"
L ik
A z
0.0 R 0.0 k [MIa]
o 1 2 3 4 5 6 7 0 10 20 30 40 50
Figure 4. Changes of the given maximum Figure 5. Changes in the reduced maximum pipeline
deflection Amax/A from the value I/R deflection Amax/h from the ground reaction coefficient
of filling k

It can be noted from Fig. 4 that at a large distance between the frames we derive the
results of paper [9], which correspond to the pipe without support (with solid walls).
Figure 5 shows the graphical dependence of the given maximum deflection A /h of

the pipeline on the coefficient of ground evaporation k , where A g, =w(1/2,0)+w(1/2,7) is

the maximum reduction of the pipeline diameter, which is reinforced by elastic ring supports.
Curves 1 and 1’ in Fig. 5 are constructed for pipelines reinforced by periodic elastic ring
supports formed from five hollow rings located with step | = 2R ; respectively curves 2 and 2
are constructed for structures where periodic supports are located with step 1=3R. The
calculations assumed that the angle is ¢y = 0.227 . On the basis of the numerical analysis, it

was found that the normal displacement of the cylindrical shell w changes the sign along the
entire length within the range ¢ e [0.21..0.237].
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Figure 6. Dependence of the relative normal movement w/h along the pipeline rim

=z

Accepting ¢g — 7/2, and k — «, as a partial case, averaged displacements of the

reinforced cellular pipeline resting in a rigid half-space (Fig. 7a) were obtained. The relative
displacement of the cellular pipeline along its rim at x =1/2 is shown in Fig. 7 b. Here it is
assumed that | = 3R.

On the basis of the above mentioned results, it is possible to optimize the structure size
in order to obtain its minimum mass for given external loads and if the maximum theoretical
pipeline deflection is less than value 0.03D . Application of the results given in this paper is also
efficient while calculating the stress-strain state of overlaps segments with tubular inserts [7].

Conclusion. The calculation of displacements of the cellular pipeline reinforced by
supports is carried out. The reinforcement of the flexible pipeline by the ring supports increases
its ring stiffness. Increase in the distance between the supports-frames reduces the pipeline
stiffness and increases its efficiency to the cell without support. It enables to optimize the
structure parameters, reaching the minimum mass provided with sufficient operational
reliability of the pipeline.
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PO3PAXYHOK JAE®OPMOBAHOI'O CTAHY CTIVIBHUKOBOI'O
TPYBOITPOBOAY 3 KIVIBHEBUMMU IIAIIOPAMUA

Poman I'pom’sik’; Muxoaa Cramyk?; Hazap Cramyk®

Y Tepuoninocoruii nayionanvruii mexniunuil ynieepcumem imeni lsana Ilynios,
Tepnoninw, Yrkpaina
2Disuxo-mexaniyuuil incmumym imeni I'. B. Kapnenxa, Jlveie, Yxpaina
3Texniunuii konedac nayionanbHoo yuieepcumemy «/v6iscoka nonimexuixay,
JIveis, YVrpaina

Pezwome. Oyineno nepemiuenHs ma RHPOSUHU NIOKPINAEHO20 niOnopamu mpyobonpoeooy  3i
CMINLHUKOBUMU (NOPOJCHUCMUMU) cmiHKamu. Posenadyeanuii mpy6onpogio ckoHcmpyio8aHo 3i cnipanenodionoi
mpyoxu. Tpyba po3ousaemscs Ha CKiHYEHHI KPY2o8i 3aMKHeHT YULTHOPUYHI 000LOHKU NEGHOT O08HCUHU, HA KIHYAX
SAKUX 3HAXOOAMbCS NPYAHCHI NIONOPU, WO MAIOMb GIONOGIOHY HCOPCMKICMb. 3ACMOCO8AHO MEOPII0 AHI30MPONHUX
YURTHOPUYHUX 0OO0NIOHOK. 34 DIGHAHHAMU JNIHIIHOI Meopii AHI30MPONHUX YUNTHOPUYHUX O0OONIOHOK 3ANUCAHO
ycepeoHeHi KOMNOHEeHMU 6eKmopa nepemiujers. Jlia 6CmaHosients nepemiujeb 3anucano 8ionogiony cucmemy
oughepenyianvHux pieHsanv. P036 5130k yux pieHsAHb HABEOEHO Y 6ueis0i NOOGIUHUX MPUSOHOMEMPUUHUX PSOI6
Dyp’e. Ilpu ybomy 8paxo6ano HOpMANbHULL iONip IpyHmy 3acunku mpyou. B pezynsmami npogedeHo 4ucnosi
PO3PAaxyHKu nepemiwjerb ma npo2UHie CMilbHUK08020 mpyoonpoeody. Ha ocrosi Hagedenux pe3yibmamie MoJiCHA
npogecmu ONMUMIZAYII0 PO3MIPI6 KOHCMPYKYIL, w00 ompumamu i1 MiHIMAIbHY MACy npu 3a0aHUX 308HIUHIX
HABAHMAIICEHHAX MA YMOGI, WO MAKCUMATIbHE MeOpemuyHe RPOSUHAHH MPYyOOnpo8ody byoe meHue 6i0 3HAUeHHs
0.03D . 3acmocysanns nasedenux y pobomi pe3yromamis € eeKmusHUM MaKox*C y pO3PAXYHKAX HANPYIHCEHO-
Oepopmosanozo cmany ¢ppasmenmis nepekpummie i3 mpyouacmumu ecmagxamu. Ilpogedeno po3paxyHox
nepemiujenv nioKpinieHo20 NiONOpPamMu CMilbHUK08020 mpyoonpogody. Iliocunenns enyuxozo mpyboonposoody
Kinbyesumu nionopamu 30i1buye U020 Kilbyegy HiCOpcmKicmv. 30invbuienus Giocmani Midc nionopamu-
WNAHOYMAMU 3MEHULYE HCOPCMKICMb MPYOONpoeoody ma HAOIUNCAE 1020 NPaye30amuicms 00 CMilbHUKa 6e3
nionop. Lle 0o36on5¢ onmumizygamu napamempu KOHCMpPYKYii, 00ca2arouu MiHIMAIbHoOI Macu npu 3abe3neventi
docmamuboi excniyamayiuHol HadiuHocmi mpy6onpoeooy.

Kniouoei cnosa: cminvnuxoguil (nycmominuii) mpyoonposio, Kinvyesi nionopu, Kiibyesa HopCcmKicmy,
000/I0HKA, HANPYIHCEHO-0ehOPMOBAHUL CIAH, MIHIMAIbHA 00820MPUBANA MIYHICMb, BIONAD TPYHMY.
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