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Summary. Solution of the axis-symmetric contact thermoelasticity task of the elastic round isotropic
cylinder pressure on the elastic isotropic layer of the finite thickness, taking into account non-ideal heat contact
between the cylinder and the layer, has been built. Using the Henkel’s method of integral transformation the
equation of heat-conductivity and heat-elasticity for the layer was solved, and using the Fourier’s method — for
the cylinder. The temperature field, displacement and stress in the cylinder are presented by the coefficients, which
satisfy the non-finite system of algebraic equations.
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Staement of the problem. Determination of contact strains and stresses taking into
account temperature factors is an important task for the investigation of the machine parts and
structural elements strength in the areas of their interaction while calculating structures on the
elastic basis for effective structure use and base carrying capacity.

Analysis of the available investigations. The influence of temperature factors on the
nature of bodies interaction is investigated in papers [1—4]. Particularly, in [2—3] axisymmetric
contact problems of thermoelasticity concerning hot circular die pressure on the isotropic half-
space and the layer and in [4] concerning the elastic circular cylinder on the elastic half-space
taking into account the nonideal thermal contact are solved. However, the influence of the
conditions of nonideal thermal contact between isotropic elastic cylinders and the layer on the
magnitude and nature of the normal stresses distribution in the contact area is not sufficiently
investigated.

The objective of the paper is to construct the solution of the axisymmetric contact
thermoelasticity problem concerning the pressure of elastic isotropic circular cylinder with the
flat base on elastic isotropic layer of finite thickness under nonideal thermal contact and to
derive formulas for temperature and normal contact stresses determination; to investigate the
influence of contact conductivity and Young's modulus of the cylinder and the layer on the
distribution of the normal stresses temperature component.

Statement of the problem. Let us suppose the elastic cylinder with length L and a radius
R with the flat base is pressed by force P into the elastic layer of finite thickness H. The bodies
materials are assumed to be isotropic. All points of the cylinder end under the action of external
loading are shifted to the same value & . The surfaces of the cylinder outside the contact area
are free from external forces. On the contact area the tangential tensions

are r,, =0.

At the free end of the cylinder the constant temperature T, is set. The thermal contact
between the bodies is not ideal. The cylinder lateral surface is heat-insulated. The heat exchange
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with the external environment according to Newton's law takes place on the free layer surfaces.
For given assumptions it is necessary to determine the temperature fields and contact normal
stresses.

The cylindrical coordinate system r, 8,z with the center located on the layer surface,

and axis 0z is directed along the cylinder axis. All quantities (stresses, displacement,
temperature, elastic constants, coefficients of heat conduction and heat exchange, coefficients
of linear thermal expansion), related to the layer are marked with the index «1», and those
related to the cylinder are without indexes.

Thus, the proposed problem is solved under the following boundary conditions:

T=T,, (0<r<R,z=L). (1)
Z—Tzo, (r=R; 0<z<L). 2
"

1 1
;LzlaaTz :/122_:,/1216; =h,(T-T"), (0<r<R,z=0). ©)

a(;-zl+H§T1:0, (R<r<ow, 2=0). (4)
aTl—H11T1=0, (0<r<ow,z=-H). ®)
0z
U,=-¢,17,=0, (0<r<R, z=L1). (6)
0,=0,7,=0, (r=R, 0<z<L). @)
7, =0, (0<r<R, z=0). (8)
7} =0, (0<r<ow, z=0). 9)
U,=U®, ¢,=0", (0<r<R, z=0). (10)
or =0, (R<r<ow, z=0). (11)
U,=0, 7,=0, (0<r<ow, z=-H). (12)

Here A,, A, — are the thermal conductivity coefficients; H;, H; are the heat exchange

coefficients; ¢ is the value of vertical displacement of cylinder points Touox; h, is the contact
conductivity.
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The solution of the boundary value problems for thermal conductivity and thermal
elasticity equations. It is known [5], that in the axisymmetric case, the thermoelastic potential
and the temperature field for the isotropic body are determined from the equations

Vip=a, 1+—O—T, VT =0, (13)
l1-o

and the temperature stresses and displacements are calculated by the formulas:

2 2
UZ(T):a_go, Tr(:)_21u8¢a O'Z(T)Z_Z,U ia_¢+af ,
V4 oroz ror or

2
' oz% ror

where ¢ is the coefficient of linear temperature expansion; u, o is shear modulus and

Poisson ratio.
To determine the temperature field in the layer, let us introduce Hankel transformation

of zero order functions T(r, z)

0

'F(g,z):IrTl(r,z)Jo(fr)dr, (15)

0

due to which, according to the second equation (13), we find Tl(p,g) through the arbitrary
functions ¢, (7)and ¢, (77):

T (p.s)=[[ o (n)e™ +o,(n)e™ |3, (np)dn, (16)

O 3 8

where J,(7p) is Bessel function of the first kind from the actual argument;

'02%' E=12/R, n=£R.

The temperature field in the cylinder is found by Fourier method. The general solution
is as follows:

T(r,z)=Az+B,+D,(r? —rzz)+i30(/}kr)(Aksh,Bkz +B,chp,.z)+
< (17)

0

+> 1y (%) (Ccsinyz+D, cosy,z),
k=1
where A, B, C,, D, are arbitrary constants; I,(7,r) is Bessel function of the first kind of the

imaginary argument; S, 7, are eigen values determined from the boundary conditions.

By known temperature fields, we determine the thermoelastic potentials from the first
equation (13), the partial solution of which for the layer and cylinder, relatively, is as follows:
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a) for the layer:

ll+o

p(r,z)= 5 EaTlgI%[(pl(n)e”g +, (n)e‘”g]Jo (np)dn; (18)

b) for the cylinder:

1 5, 1_, 1 s 1,
rz)=—Az+—-B,r +—=C,r'——D,z" +
o(r.2)=cAZ + B+ Cor' =2 Dy
. . L (19)
_% 1_5_@{? 2§ LA) (Achfz+B.shf.z) -5 = \Ji7) (C.cosy.z—D. siny, z) |
s — ‘::T]_. : ) ) h ) ‘::_—1' :_r:: - - t d |

The components of temperature stresses and displacements are calculated by the
formulas (14). With formulas for temperature stresses and displacements, it is possible to solve
the problem under mechanical boundary conditions. In order to do this, it is necessary to add
components of stresses and displacements from the biharmonic potential to the values
calculated according to formulas (14) [1].

To satisfy the boundary condition (2) in formula (17) it is necessary to put

D,=0,D,=0,C, =0 (k=1w);3 = /R, where x4 are the roots of the equation
Jl(ﬂk)zo;

kr
Yk :?- (20)

The boundary condition (1) taking into account the orthogonality of Bessel functions
results in such relations between constants B,,B, and A, A, (n :]__oo)

Bo :To_Abev Bn =—th,un€A], t=L/IR. (21)

Having satisfied the boundary conditions (3—5) taking into account (21) we get the
system of integral relations connecting the functions ¢, (r7) and ¢, (7) with the coefficients

A (k=02):

O = 8

(05 +7) @, (m)+ (0 —n) @, (7) |35 (np)dnn =
S (22)
=hy {To - AR=D thu ! Jo(ﬂkp)Ak}, (p<1).

k=1

%I”[Q’l(n)_%(”)]‘]o(”p)d’? =%[%R+gﬂk%(ﬂkp)&) (p<1). (23)
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[[(K:+7) () + (K3 =1) 0, (1) |30 (mp)dn =0, (p>1). (24)
0

[(n=K)e g, (n)=(n+KL)e"p,(n) |35 (np)dn =0, (0< p <o), (25)

O ey 8

where h=H /R ; K; =H,R, K; =H,R, hy=hR/ A} .
Applying the formula of the inverse transformation of the integral Hankel
transformation to equation (26) and introducing the notation

o(n)=(K;+n)p,(n)+(K;=n)p,(7) we get the system of equations respectively to

functions ¢, (17) and ¢, (17) having the following solution:

o (n)= %(77 +K})eMo(n)/Q(n), @,(n)= %(n ~K{)e"p(n)/Q(n),

(26)
Q(n) =(n* + KiK3)shph + 5 (K} + K} )chph.
Substituting the functions ¢, (77) and ¢, () (26) into equation (24), we get:
J.("(”)Jo(ﬂp)dﬂzo’ (p>1). (27)
0

The boundary conditions (9), (12) for the stress o, (,0) and displacement U, (p,0)
on the layer surface give:

Uj(p,0)= 1;bl Rj[l o (27h)] (1) 3, (np)dn - aT1R50$82((77)) E ; o(np)dn.  (28)

ot (p. 2b1f?7¢ 3, (np)dn,

R ¢(77)=EF1*(77)+b11 Fz*(n)_EFs*(n)+bllF4*(77)’

Q. (17)=sh 2gh+25h, Q,(17)=—(7shnh-chrh+ Kish’h+7,*h)shyh, (29)
1+2ph—e™" 1+o',, .,
( ) Ql(n) 01—0' ( )

Satisfying the boundary conditions for tangential stresses (6—8), we find the problem
eigen values 4, and ¢, which are the roots of the corresponding characteristic

equations sin4L=0, J,(«R)=0, i.e.
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A=—, o, =—. (30)

Besides the same conditions result in the following relations between arbitrary
constants:

. 11 ¢
D=0, N =—F /b, + 217 Bps A el L pe (b, fethys 0) +
21—0 b, . b2

11+0 RT
+

b
e, | B (Mcthyk.ul)—iukmk}, (31)

* | b kﬂ' kz ki —
=-B, | =+ /1 k=10 .
A k[bfﬁ ( j (fﬂ ”

Demanding the fulfillment of the first boundary condition (10) and the boundary
condition (11) taking into account (31) we derive the system of integral equations respectively

to functions ¢(7) and ¢(7):

qu(n)Jo(np)dq:—%{zA;# Z( ZF+LN jﬂkJo(ykp +—1+—G RZ :kp
+TG(2nh)¢(77)Jo(np)—a 15OT£Q2(77)¢(77)30(77/3)d77, (0<p<1). (32)
; T e Q(m)Q(n)
[n¢(n)35(np)dn =0, (p>1). (33)
Introducing the function f (t) by relationship
#(n)= by jf(t)cosntdt (34)
1+0} ’

equation (33) is satisfied identically, and equation (32) is reduced to Abel equation
——===0(p), (35)

which solution according to [6] is determined by the formula

ﬁdt'[ /t — (36)
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1& 1lto &
where g (p) =—A° —32(——F 12N ],ukJO(,ukp)+El—o-aTZMAk+
k=1

1 -0 k=1 Hy

o @m)on, (o), 6, 2 E DI (1) @)

Substituting expression (37) to formula (36), taking into account (37), we get Fredholm
integral equation of the second kind relatively to the function f (t) :

()=—A0 3Zykcos,uk+[—biF +2N j

1

+ii—z T;COSM‘ —If(x)deG(Znh)cosxcosntdn— (38)
2 Q(n)e(n)
—-—d,a —————~cosngtdn, (0<t<1l).
e ) 0=t

Having satisfied the first condition (6) taking into account the conditions of Bessel
functions orthogonality, we obtain

—gzA;+2b41£RB;+3£RCS+%£2R21i—6aTAO,
1l+o A
F. =b,thu, (M, +21_0aTR3b1—3. (39)

k

Taking into account equations (31), (39), we satisfy the boundary condition (7) for
n —_—
normal stress o©,. Multiplying the obtained expression by cos%g,(nzo,oo) and

integrating it with ¢ in the range from 0 to ¢, taking into account the trigonometric functions
orthogonality, we obtain the relation between constants B, C,i, B, and s, A, A..

—2b,B; +3b,C, =0 B, =- m?wn '1(7,[7;])2 w2 3o (u)thp LM, -
| (nnj (40)
R~ LTI e WAV
where

ISSN 2522-4433. Bicuux THTY, Ne 1 (93), 2019 https://doi.org/10.33108/visnyk_tntu2019.01 ..............ccoocevveceeeeee. 25



Axis-symmetric thermoelasticity task of the elastic cylinder pressure on the elastic layer taking into a ccount non-
ideal heat contact

14 kz
@, ——E(Zbl'sz) Il2 (7j+
-1)"
Kz IO(MJ '(k_ﬂj T e
/ / / * chu, ! (mn
Tl

The contact stresses ai( p,0) taking into account (29) and (34) are determined by the
formula:

o, (p.0)=x [ & '[\/t— ] (p<1), (41)

2b;b;
1+b

Using the cylinder equilibrium condition P=-2zR jpa )dp and formula (41)

where & =

taking into account (31), (39), the integral equation (38) is reduced to the form:

1 0 .
—E_[f de'G(2nh)cosnx[cosnt—m]dn+
Ty 0 n

26, 71 Qz(n)w(ﬂ)[ J
+—2La, | ——— cosnt— dn+ 42
ﬂ T{nQ(n)(ﬂl(n) n (42)
2 1+b sin u « P
’thy ¢ t— Kk 1M, =——, (0<t<1).
R b o H [COS,uk H, ) “ 27R%k; ( <)

By satisfying the second boundary condition (10) and integrating the resulting expression on
o multiplied by p, and PJo(ﬂnp) in the range from 0 to 1 taking into account Bessel
functions orthogonality conditions, we get the relations between the constants
B;. C;. M;, A, A, (k=Leo) and the function f (t):

1
o[ f(t)dt = 2b, (4b, +3b,) B +3, (20, +b,)C; +1+—O-aT,u€RAO 5 PRZ,
p b sh 2u 0 +2u ¢
i | f(t)cos wtdt == 1235 (u,) - L)
°£ R*7MO sh2ut °° (43)
. tnkk3lz(k”j
_16b37" ;.5 14 _4rl+o

Ms

pire #ade (4) XZﬂmmk o ()t My =Tty 1

1 w,

=
Il
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2 32 K
g2 t K*1; ([j . (_1)k (44)
+ Z ztm,k lum‘lo(:um)>< 1- An +

62 k=1 @, m=1 Chﬂmf

+ 2T (120 ) athys, £ 92 (1) A, -

l-o

In order to determine the function ¢(7) we extend the equation (27) to the entire

interval (0< p <)

0

[0 (1), (np)dn =U(L-p)X(p), (0<p<w0), (45)

0

here U(x) is Heaviside function; X ( p)is unknown function taking in the form

N

X(p):TO{aO+ZakJo(ﬂkp)}v (OSP<1), (46)
k=1

Wwhere ak(k=O,_N) are unknown coefficients to be defined; value N is chosen from the

condition of satisfying the desired accuracy of the problem solution.
Applying to both parts of equation (45) the formula of the inversion of integral Hankel

transformation, we derive the function ¢ (7) through unknown coefficients a, :

qo(m=To{aoal<n>+n2al(n)i%(“§)}- )

k=t 71— Hy

Substituting the function ¢ (7) (47) into the integral equations (22), (23), (38) taking
into account the notations (26), we come to the relations connecting the function f (t)and the

coefficients a, (k =0,0), a, (k=0,N):

N R 0 J /,[ ,0
TOZakaél)(p)+§ +Z O(Ak )Ak:héTO, (p<1), (48)
k=1 0 k=1 k
ﬂ,l N 0
l_ZTOZakaéz)(p)—AOR—Z,ukJO(,ukp)Ak =0, (,D<1)- (49)
k=0 k=1

z
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Multiplying both part of the equations (48), (49) by pand pJ,(u,p) and integrating

them by p, in the range from 0 to 1 taking into account Bessel functions orthogonality, we get
the  system  of linear  algebraic  equations  respectively to  unknown

3, X, X2, y®, y® (k=0,N). To calculate the temperature fields in the cylinder, we

have the following formulas:
a) cylindrical area (0< p<1, 0<¢g</)

T(p,g) T, 1+2 g € —Zaoka + —ZZ
4, i A, %

w0 Sh/Jm g g) (2)
My 20
2 chay 32 () 0

b) sphere (-h<¢<0, 0< p<w)

1 1+ K (h+¢) S B () (K)o (vnP) |
T { l: K/ K; h+Kl+KlJ+2mZ‘i Q'(iy,) [_Ko(ymp)ll(ym)]i|

G g)° VR (e) [ Ka(s)(0) 61
+Zak +ZZ( x( ] ,

( ) 0 ~ ym+luk)Q (|ym) Ko(ymp)ll(ym)

P.(x.¢)=xchx(h+¢)+Kishx(h+g), P (Yn6)=Ync08Yy, (h+c)+K;siny, (h+c).

At 0<p<1 the upper expression in round parentheses is taken as multiplier,
at p >1 — the lower one.

In order to determine the contact normal stresses o (,0) we get the following
expression:

o (p.0)=0” (p, 0)+0'(T1)(p 0);

GEP)(p'O)Z_o,sp 1 {XM Z (2k+1)T M(p)xi}

7Z’R2 ,,]_ :0 P k=1 (52)
1 N
o™ Ky 1Sy @)
0,0 T—[X+ ~1)" (2k +1) X T+,0},
(p.0)=a Ny 2 (D (KA X ()
El
where &y =—————=: T,.(p) is Chebyshev function; aﬁ”)(p,o) IS power stress

2 1
2|1-(c")'|
component, " (p,0) is temperature stress component.

In the case h =00, we obtain the solution of the problem [4]. The solution of both
temperature and thermoelastic ones is reduced to the determination of some constants from
infinite systems of linear algebraic equations, through which the temperature fields are located
at any point of the cylinder and the layer. The given equation systems are quasi-regular with all
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possible ratios of thermophysical and elastic characteristics of the bodies. Taking this into
account, the solution is found by the method of reduction from truncated systems. For numerical
calculations the systems of 30 linear algebraic equations with 30 unknowns were solved.

The distribution of the dimensionless temperature «, =T along the dimensionless
0
1
coordinate p at izo_l; (=2, h=2, k =, k,=0.5 is shown in Fig. 1. Fig. 2 and 3 represent
lZ
the distribution of dimensionless normal stress o, = —=— at —L. =1, ~£=0.1; 6 =0" =0.3.

o, T,E o,

0,3 -__——-‘L‘—-._______ 0 — /f/
0,2 ——_-—_K"‘—-—-____ | —— 2 //
o \\ / 4>/

) 1 "“\ -4 L~

o 0.2 0,3 0,6 0,8 P -6 0.2 0.4 0,6 0,8 p

Figure 1. Temperature distribution for different values ~ Figure 2. Temperature component distribution of
2-h =1 the contact normal stresses for different values of
0

i . 1
of contact conductivity, curves: 1-h, =0.1 the young’s modulus relation ¢ = E / E'; curves:

3-hy =5 4—hy=co 1-6=05;2-5=1 3-6=2
Az
0 ~
/ ’
//"' Figure 3. Temperature component distribution of
| — the contact normal stresses for different values of
o / the contact conductivity, curves:
1-hl =08, 2—h; =1, 3—-h} =5;
/'__...- /
1 _
-4 /"’/ 4-h, =oo.
-6
0,2 0,4 0,6 0,8 p
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Conclusions. While pressing the elastic cylinder into the elastic layer, the nonideal

thermal contact between the cylinder and the layer significantly affects the nature of the
distribution of the temperature components of normal contact stresses, in the same way as it is
in the corresponding problem [7].
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OCECUMETPUYHA KOHTAKTHA 3AIAYA TEPMOIIPY?KHOCTI
PO TUCK ITPYXKHOI'O INJITHIPA HA ITPYKHUMU LIAP 3
YPAXYBAHHSAM HEIJEAJIBHOI'O TEIIVIOBOI'O KOHTAKTY

Bornan Okpenkuii'; Bopuc IllesnecToBebKuii’

Y Tepnoninvcokuii nayionanvuuii exonomiunuti ynieepcumenm,
Tepuonins, Ykpaina
2Teproninbcokuil HayionanvHull mexuiynull ynieepcumem im. 1. ITynros,
Tepnonins, Ykpaina

Peztome. Busnauenns KOHMAKMHUX HANPYICEHb 3 YPAXYBAHMAM MEMNEPAMypHUX @axmopie ¢
8ANCIUBUM 3A80AHHAM OJis1 OOCHIONCEHHS MIYHOCMI Oemainell Mawiut i eleMeHmie KOHCMPYKYIl y Micysax ixHvol
83A€MOO0II Npu PO3PAXYHKY KOHCMPYKYII HA NPYICHILL OCHOBI 0N PAYIOHANIBHO20 BUKOPUCMAHHSA Mamepiany
KOHCcmpyKyii i Hecyyoi 30amuocmi ocHogu. I106y008aHO po36’s30K ocecuMempuyHOi KOHMAKMHOI 3a0ayi
MepMONPYACHOCMI PO MUCK NPYICHO20 KPY206020 I30MPONHO20 YUNIHOPA HA NPYICHUU [30MPONHULL wap
CKIHUEHOI MOGWUHU 3 YPAXYBAHHAM HEI0edalbHO20 MEeNI08020 KOHMAKMY MidC YULIHOPOM i wapom. Yci mouku
mopys yuninopa nio i€l 308HIUHbO20 HABAHMANCEHHSL IMIWYIOMbCSL Ha 00HaKo8y eenuuuny. Tlosepxui wapy i
YUNiHOpa 306Hi NIOWAOKU KOHMAKMY GilbHI 8i0 306HIWUHIX 3YCUNb. [Jomuuni HANPYICEHHA 8 30Hi KOHMAKmMY
Oopisniolomsv muymo. Ha einbnomy mopyi yuninopa 3adawa nocmiiuna memnepamypa. biuna nogepxus
MeNnIoi301b06aHA, A HA GLILHUX NOBEPXHAX WAPY 30ilICHIOEMbCS Meniooomin 3a 3axonom Hviomona. Tennoeuii
KOHMAKM MIdHC Minamy npunyckaemvcs neioeanrvhum. Ilpu 3a0anux npunyweHHax po3euHeHo mMemoo U3HA4eHHs.
MeMnepamypHux noaie y Yuninopi 1 wapi, a maxKoic HOPMALIbHUX KOHMAKMHUX HANPYICEHb. 3a 00NOMO20I0
Memoody inmezpanbHo2o nepemseopens I ankens po3e i3ano piGHAHHA MENIONPOBIOHOCI 1l MEPMONPYIHCHOCI
ons wapy, a memooom @yp’e — ons yuninopuunoi oonacmi. Temnepamyphe none, nepemiuyeHHs 1l HANPYJ CEHHs 8
[30mMpoOnHOMY Wapi 300pANCEHO HeBNACHUMU [HMeSparamu 3 HeGIOOMUMU QYHKYIAMU, AKI 3HAX0O0AMbCA 3
epanuyHux ymog 3adaui. Temnepamypre nose, nepemiujerts il HanpyiceHHs N0OaHo yepe3 HegidoMi Koediyicnmu,
AKI BUBHAYAIOMbCS 3 HECKIHYEHHUX CUCeM JIHIUHUX aneedpaiuHux pieHAHb. 3a0080EHHS 2DAHUHUX YMO8 3a0aUi
npu3800ums 00 CUCmeMu IHMeSPANbHUX PISHsHL, 5Ki 36 'S13ylomb Hegioomi (yHKYil 3 Koeiyienmamu, wo
Xxapakmepusyiomes memnepamypHe noie. Ak pezynomam, ompumano inmezpanvhe pieHanHA Dpedzonvma II-20
POOY BIOHOCHO (DYHKYIT, Uepe3 SKi GUPAICeH] HOPMATbHI KOHMAKMHI HanpyxicenHs 6 wapi. Inmezpanvhe pigHsAHHSA
®@peozonvma II-20 pody po3e’a3aHo YUCIOBUM MEMOOOM 36E0EHHAM 00 CUCTNEMU JITHIIHUX aneeOpaiuHux pieHAHD.
IIposedeno uucnosi po3paxynku Ons 3HAXOOICEHHS MeMnepamypu i memnepamypHoi ckiado6oi HOpMaibHO20
HAanpyoiceHHs 68 wapi y 30Hi KOHMAaKmy OJisl PI3HUX 3HAYeHb KOHMAKMHOL NPOBIOHOCMI, A MAKOJC MeMNepamypHoi
CK1A00801 HOPMATIbHO2O HANPYIICEHHS 01 PISHUX 3HAYeHb MoOyie FOnea yuninopa i wapy. Yucnosi pesynomamu
Ul aHaniz po3g’sa3Ky NOKA3VIOMb, WO NpU KOHMAKMHIL 63A€EMOOII NPYICHO2O YUMHOPA | wapy HeioeanbHull
MeNnio6Ull KOHMAKM 3HAYHO BNAUBAE HA PO3NOOLT MEMNEPAMYPHOI CKIAO080T HOPMATLHO20 HANPYICEHHS 8 30HI
KOHMAKMY.

Knrouoei cnosa: npysicnutl yuninop, wap, memnepamypa, HeioeaibHull meniosuil KOHmMakm, HOpMAaibHi
KOHMAKMHI HANPYIHCEHHS.
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