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Summary. The article is devoted to the application of the direct method to the research of heat transfer
processes in the system — bullet inside multilayered spherical shell. To solve the initial problem in parallel, we put
an auxiliary problem on the determination of the distribution of a unsteady temperature field in a multilayer
spherical solid with a «deleted» bullet of sufficiently small radius. Implementation of the solution of the auxiliary
problem is carried out by applying the reduction method using the concept of quasi derivatives. In the future, is
used the Fourier scheme with the use of the modified eigenfunctions method. To find the solution of the original
problem used the idea of the marginal transition by direction of the radius of the deleted bullet to zero. It is
established that in this approach all the eigenfunctions of the corresponding problem with the eigenvalues have
no singularities at zero, which means that the solutions of the original problem are limited in the whole
construction.
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Statement of the problem. Multilayer structures are widely used in various industries:
civil engineering (house-sphere), oil and gas industry (spherical reservoirs or gas holders),
aerospace (artificial Earth satellites), electric power (fuel elements of spherical form in the
nuclear power plant reactors) and other fields. The characteristic feature of such elements is the
combination of various mechanical and thermophysical layers characteristics, which makes
them more perfect. However, this approach poses significant difficulties in developing
analytical methods for their investigation. Therefore, the development of new methods for
investigating the multilayer, particularly, spherical structures is an important task of the present
time.

Analysis of the available investigations results. Numerous publications deals with the
heat transfer problem solution. The basic methods of investigating the problems of determining
the non-stationary temperature field distribution in the multilayer structures are conventionally
divided into three types: a) direct or classical based on the variables separation method [1, 2];
b) operational using various kinds of integral transformations [3]; ¢) approximated analytical
and numerical methods [4, 5]. Thus, in papers [1, 2], the temperature field distribution in the
multilayer hollow spherical structure is investigated, taking into account the boundary
conditions, which, however, do not depend on time. For the first time the problem of
determining the temperature field distribution in the «sphere enclosed in the single-layer
spherical shell» system located in the medium with zero temperature was set in paper [3] by
A. V. Lykov. The solution of this problem is based on Laplace transformation method, but the
algorithm for solving even the problem in images is not presented, but only the final result is
given.

In recent years the multilayer hollow cylindrical and spherical structures are considered
in papers [6, 7]. The basis of these publications is the direct (classical) research scheme based
on the method of reduction, the concept of quasi-derivatives, the modern theory of linear
differential equations systems, the modified method of Fourier eigenfunctions.
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Direct method of research of the temperature field in the system of multilayer spherical shell

The objective of the paper is to investigate the non-stationary temperature field
distribution in the system — sphere inside multilayer spherical shell (structure) when the
conditions for heat exchange with the environment, whose temperature varies over time are
determined on the surface.

Statement of the original problem. At the initial moment of time z =0, the sphere
with radius r=r, is inserted into the multilayer hollow construction with radii

r,<r<r,<--<r _ <r having the same initial temperature T =T, coinciding with the

environment temperature. There is perfect thermal contact between the spheres.
On the outer surface of the multilayer hollow sphere, there is convective heat exchange
with the environment, i. e., the third-rate boundary conditions are met. The environment

temperature the varies according to certain law y (z), i. e., depends on time 7 . It is necessary

to find the non-stationary temperature field T (r,z) distribution at any given time z in such
complex system (Fig. 1).

Figure 1. Scheme of the system of multilayered Figure 2. Scheme of multilayer hollow spherical
spherical bullet (diametrical section) construction

It is considered that the temperature change law  (7) is uniformly distributed in the

external surface layer in such a way that the isotherms within this structure are concentric
spheres. This means that the temperature T (r,7) depends only on the radius r and time  and

the problem is symmetric.
Such problem statement is reduced to solving the differential equation of heat
conductivity [3]

8T(r,r) 10, 5T(r,‘[)
—_— = r'A—", o,r), 0,
cr or r? 6r(r or re(On). 7> (1)

with initial condition
T(r,O)zTO, 2)

boundary condition
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oT
—ﬂa(rn,r)za(T(rn,r)—t//(r)), (3)
and symmetry condition

zg(o,r) =0. 4)
or

Here c(r) is mass specific thermal capacity of the material, p(r) is material density,

A(r) its thermal conductivity coefficient, T (r,z) is temperature depending on radius r and

time 7.

Auxuliary problem. In the system, the sphere inside the multilayer shell, let us
«remove» the sphere with radius r=¢, O<e<r,, and consider mixed heat conduction
problem for the multilayer hollow spherical structure presented in Fig. 2. In order to distinguish
the temperature field distribution function T (r,7) of the original problem from the distribution

function of auxiliary problem, we denote it as t(r,7).

Let us suppose that 6, is the characteristic function [8] at intervals [, r, ) i. e.

eo(r)z{l,re[g,ro), ) r)={l,re[ri,ri+l),

orelsr), orelr.r.,)i=0n-1

n-1 n-1 _—
Let us denote, ﬂ(r):Z/I.H., c(r),o(r):ZcipiHi, A4 >0, ¢cp >0, Vi=0,n-1,
i=0

i=0

A.¢,p R

In order to find non-stationary temperature field distribution t(r,z) in this multilayer

hollow spherical structure it is necessary to find the solution of the heat conductivity differential
equation [7]

at(r,z) 10 ot(r,7)
cp = =r_2§[r2ﬂ' p- re(er,), >0, (5)

with initial condition
t(r,0)=t,. (6)
and boundary conditions
ot
A—(e,7)=0,
or (£.7)

ot "
_gg(rn,r)=a(t(rn.f)—l//(f)),
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df
Introducing notation t™ =r?4t’, and multiplying the boundary conditions (7) by r* we get

tt(e,7) =0,

{arnzt(rn,r)+t[1](rn,r) =ar’y(r), ®

The solution of the problem (5)—(6) will be found by means of reduction method [9, 10]
t(r,z)=u(r,z)+v(r,7), (9)

where one of the functions (u(r,z) or v(r,z)) is chosen in special way, and the other one is
defined unigely.
The boundary problem for u(r,z) and mixed problem for v(r,7). Let us introduce

df
the following notation r?Au/ =u™. Let us define function u(r,z)as the solution of boundary
(quasi-stationary) problem:

(rau) =0, (10)
with boundary conditions
u(e,7) =0,
2 [1 2 (11)
ar’u(r,7)+ul(r,7) =ar’y (),

Substituting (9) into equation (5), taking into account (10), successively we get mixed
problem for function v(r,7)

d 16(, 6
= === =
cp aT(u +V) = 6r(r ar(u +v)j

c 8_U+C a_v—ii(rzl@jjc a_v—ii(rzla_\/}_c a_u
Por Por Por or Por or or) Por

(12)

Since the boundary conditions (8) for function u(r,z) meet the boundary conditions

(7) for function t(r,7), we derive zero boundary conditions for determining function v(r,z),
e,

V[”(g,z' =0, 13
ar’v(r,t)+v8(r ,7)=0, (13

and the initial condition is as follows
v(r,0)=t,—u(r,0)=1, (14)
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;

Solving the boundary problem (10)—(11). Let us introduce vector u = (u, u[l]) and
1

matrix A=

r22 |. Then the quasifferential equation (10) is reduced to the solution of the
0 O

first order differential equations system equivalent to it (11)

u =Au (15)
On each interval [¢,r,) and [r_,,r,) the system (15) is
! 0 21 ' 0 21
Up =Als, A=| A ui=Au, A= T4 (16)
0 0 0 O

. . 01 0
Introducing matrices P = 0 , Q=

. o’ J and vector T'=(0, arly(z)) , the
boundary conditions (11) are represented in the matrix

P-u(¢)+Q-u(r)=T,

The general equation solution (10) is as follows

The fundamental system of solutions is formed by functions {1;r}.

The direct verification proves that Cauchy matrix B, (r,s) of the system (16) is

B, (r.,s)= . %(é_%j :

0 1

It is determined in paper [11] that on each interval the problem (10)—(11) solution is as
follows

U, (r,z)=B,(r,&)-P,,

0, (17) =B, (1.5) B(1,1,) B(5,6) Py

o

where P, is the initial vector determined by the following formula:
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1

P =(P+Q'B(I’n,8))7 T =

0 1 0 0)]|1 %(E_E}Z%[L_EJ 0
= + . r = a\lr. r . =
0 O arnz 1 0 2 0 1 74 i-1 i al’nzl//(T)
0 1
0 1 N
) 0
P IPTIEYEREA T FYERA | P N b
ﬂ’o e I i=1 /1i ia T
N PPEESESE RIS A (S 1 PR
=T Wle L) TAGL T 2 =
ar, ary (z) 0
ar’? 0

Relatively, the solution of problem (10)—(11) on each interval and [5, I‘O) and [I’H, I’i)
iIs represented in the following way:

Thus the solution of the boundary problem (10)—(11) is u(r,t)=w(z), i. e., does not
depend on radius r.
Solving the mixed inhomogeneous problem for function v(r,z). Since function

u(r,7) is already known, then problem (12) for function v(r,z) is

ov 1 0( ,,0v
cCop—=——|r'A—|-cpy'(7),
P ar( arj py'(7)

with zero boundary conditions (13) under initial condition (14)

Fourier method and eigenvalue problem. Nontrivial solutions of homogeneous
differential equation

ov 1 o0 ,, 0v
cp—=—| A, 17
paz r? ar( arj (17)

with boundary conditions (13) we find in the following way [9]
v(r,z)=e""-R(r), (18)
where w— is parameter, and R(r)- is unknown function.
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df
Introducing quasiderivative R =r?AR’, and substituting the right part (18) in equation
(17) we get quasidifferential equation [7]

(r?AR") +wcpr*R =0, (19)
with boundary conditions
RU(e) =0,
) . (20)
ar’R(r)+RY(r)=0.

Problem (19), (20) is classical problem of eigenvalues where it is necessary to find
values @, (eigenvalues) for which corresponding nontrivial solutions R, (r,a,)

(eigenfunctions) of problem (19), (20) exist. As is known [9], all the eigenvalues of this problem
are positive and different.
:
Constructive eigenfunctions formation. Let us introduce vector R = (R, R[”) and

1
0 -
matrix D(r)= r’A(r) |, reduce quasidifferential equation (19) to equivalent
—ac(r)p(r)r? 0
system of differential equations of the first order

R, =D,-R,, R, =D;"R;, (21)
1 1
0 2 0 2
DO = r ﬂ“O ' D| = r /,LI
—wc,pr® 0 ~ocpr® 0

Equation (19) can be rewritten as

(rPRY) + B2r*R =0,

oGP
4
It is determined in paper [7] that Cauchy matrix of system (21) is as follows

b b
Ci(r’s’a)):[bli1 blIZ]

21

where g, = i =0,n-1is denoted.
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o Biscos( B (r—s))+sin(B (r-s))

) B
o _Sin(A(r-s))
’ ApBrs
bl = 3, cos(3 -(r—s))[r—s];in(ﬂi (r=s))[1+87rs] .
b :ﬁircos(ﬂi(r—s))—sin(ﬁi(r_s))
’ fs
i=0,1.

The non-trivial solutions R(r,®) of the system (21) are found in the form
R(r,w)=C(r,s,0)-C, (22)
C(r,&,0)=Cy(r,&,®)0,+C,(r,1,,0)C,y (1), &,0)6, +...+

n-1
+C, (I’, rn—l’w)HCi (ri’ri—l’a))CO(rO’g7a))0n
i-1

certain non-zero vector.
Applying boundary conditions (20) (at T' (z)=0) to equation (22) we get

where ,and C=(C,, C,) - is

P~R(g,a))+Q-R(rn,a))z[P-C(g,e,a))+Q-C(rn,g,a))]C=0,
Since C(¢,¢,w)=E, ne E— is matrix unit we derive the equation

[P-i-Q-C(rn,g,a))}-C:O. (23)

For non-trivial vector C existence in (23) it is necessary and sufficient to meet the
following condition

det| P+Q-C(r,,&,0)]=0. (24)
Let us denote

C(r,r,o)=C,(r,,r,,,®)-C.(r.r, ®) .. Cl(rae)=
:{Cll Cle (25)
C21 C22

Equation (24) is the characteristic equation of the problem for eigenvalues (19), (20),
which can be expanded to the following form:
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precos( B, (r,—&))+sin( B, (r,— ) N
Bty
B COS(IBO ~(I‘0 _5))[r0 —g]—Sin ('80 (I’O —g))[1+,6’02r08:| _

2
+(arc, +cy)- Ay =

By

(aric,+c,):
(26)

In order to find non-trivial vector C =(C,, Cz)T let us introduce e, into equality (23)
instead of @ . Using notation (25) we get vector equation

0 1 C, 0
(arie, +Cy )b +(arie, +¢, )b (aric, +c, )b° +(aric, +c,)b° | (C,) (0)
which is equivalent to the system of equations:

C,=0,
{[(arnzcﬂ +C, )0° +(aric, + czz)bi]cl + [(ozrnzc11 +C )b° +(aric, + ., )b0 ] C,=0.

12

Since the determinant of this system is zero, then one of the equations (for example, the
second one) can be neglected. Hence it follows that C, =0 for any nonzero value C,.

Introducing, for example, C, =1 we can present non-trivial vector C as:
c=(1 0).

Non-trivial solution corresponding to system (19) is presented in the following way

- df n-1
R (ro)=B(re,0)-(L 0) =R6,+> R, k=123,...

i=1

Eigenvectors on intervals [,r,) and [r._,, 1) are

Rko(r’wk):éo(rvg’a)k)'(l' O)T:(blol’ bgl)T’
(r’a)k):éi(r'ri—l’a)k)'é(ri—l’ro’a)k)'éo(ro’g’a)k)'(l’ O)T: (27)
:éi(r r_ a)k)-é(l},l,l’o,wk)‘(bflv bgl)T :

Decomposition by eigenfunctions. Let g (r) be piecewise continuous function having

different analytic expressions on intervals [¢,r,) and [r._,.r), i. e.,

0(r) =Y 0.
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Function g(r) expansion into Fourier series by eigenfunctions R, (r,, ) of problem
(19), (20) is as follows [12]

g(r):igk'Rk(r'wk)' (28)

where Fourier coefficients g, in expansion (28) are calculated by the formula

n

1
0, =— ICpg(r)Rk (r,o)ridr
IRl

&

It should be noted that ||R,||" is the norm square of eigenfunctions R, (r,,)
IR = [epr®RE (1, .

Construction of mixed problem solution for functions v(r,z). The scheme of this

problem solution construction by eigenfunctions method is described in papers [6—7, 11-13] in
details. This solution can be presented in the following way:

v(r,r):Z{fk e —_T[e“’k(”)yk (s)ds}-Rk (ro)= Evi (r.7)-6,

00
k=1 0 i=0

k=1

()= e [ o) (),

where f, and y, are expansion coefficients for initial condition and function relatively to
Fourier system according to eigenfunctions system R, (r,®, ).

Boundary transition at £ — 0 and description of original problem solution (1)-(4).
On the basis of reduction method the original problem solution is presented as

T(r.z)=lim(u(r,7)+v(r,7))=

>0

= lim [W (z)+ nig{ f,-e —j'e"““(”s)yki (s)ds] R (r o) J

£—>0 ic0 kel 0

Note! The characteristic equation (26) of the eigenvalues problem (19), (20) after the
boundary transition is obviously as follows

sin (3, (1))
B,

Bt cos(/i’o-ro)—sin(,b’oro)% 0
2 C

(aric, +cy)- +(arc, +¢y)-
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and the corresponding eigenvectors (27) are depicted as follows:

Ry (@)= B, (r,0,0)-(1 O)T:{Sin;ﬁor)' ﬁorcos(ﬂo;gro)—sin(ﬁor)%j |

Ry (0,0,)=(L 0)
Rki(r’wk):éi(r’ri—l’a)k).é(ri—l’rO’wk).(blol’ bgl)T:
wk)(sin(ﬂoro) ﬁorocos(ﬂo~r0)—sin(,80r0)/10j.

=B,(r,r,, @) B(r,%,

ﬁOrO , ﬂO

Model example. We consider the system of seven-layer isotropic spherical spheres
requiring the determination of non-stationary temperature field distribution as the model
numerical example. The heat engineering characteristics of the materials the spheres are made

of and the initial data for calculation are given in Table 1.

Table 1

Heat-technical property of the materials

Parameter Layer 1| Layer 2| Layer 3| Layer4 | Layer5| Layer 6| Layer7
: N 0,05- 0,08- 0,15- 0,25- 0,33-
r, I . ) 1 1 ] ] _
Radius 00051 508 | 015 | 025 | 033 | o039 | 039043
Coefficient of thermal
conductivity 4,%/ . 0,93 209 64 34,6 2,93 58 1,55
Specific mass heat capacity
c y 837 894 389 130 921 470 770
' /kg-°C
Density p, "%3 2000 2680 8000 11400 2800 7800 2200
Initial temperature t(r,0), °C| 20 20 20 20 20 20 20

Law of environment temperature

8z
change, l//(f),OC V/(r)=345lg(%+1j+zo,

Coefficient of heat exchange
with the environment, o5

a’%z-"c

Using the proposed method for calculating the non-stationary temperature field
distribution in the system of multilayer spherical spheres and Maple 13 software [13], we derive
the solution of the given problem as Table 2. It should be noted that in order to get the result
with the given accuracy, the first 50 roots of characteristic equation were used.
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Table 2

Distribution of the temperature field in the system of multilayered spherical bullets, °C

Layer coordinates mapy, m
time

0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,43
0 min. 20 20 20 20 20 20 20 20 20
1 min. 20 20 20 20 20 20 20 20 52,66
3 min. 20 20 20 20 20 20 20 20,02 102,2
10 min. 20 20 20 20 20 20 20,38 24,12 210,9
20 min. 20 20,03 20,04 20,06 20,13 20,24 25,52 41,20 299
30 min. 20,06 20,54 20,59 20,76 21,19 21,71 36,63 64 353,3
45 min. 21,22 24,04 24,22 24,83 26,24 27,81 59,79 100,9 409,6
1 hour 25,68 32,18 32,52 33,63 36,14 38,81 86,56 137,7 4533
2 hours 85,32 103,6 104,3 106,7 112,1 117,5 2019 272,6 582,2
3 hours 1834 205,6 206,5 209,3 2154 221,7 315,4 389,5 678,5

It should be noted that the set problem is the model aimed to illustrate the possibilities
of the proposed method.

Conclusions. The direct method was used to solve the oroginal problem, moreover, the
idea of the boundary transition was used for the first time. In general statement (the function

w () is supposed to be arbitrary), this problem was solved for the first time. In the case of the

system of two enclosed spheres and at () =0, the obtained solution is the same as the known

one [3]. The generalization of the obtained results for cylindrical coordinate system is merely
technical problem but not fundamental one. Since the general scheme of the investigation of
temperature fields distribution in multilayer structures with the arbitrary number of layers in
the presence of internal heat sources is studied in details, then setting and solving of such
problems does not cause any difficulties.
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Direct method of research of the temperature field in the system of multilayer spherical shell

YK 614.841.34

NPSIMHU METOJI TOCJILKEHHS TEMITEPATYPHOTI'O IIOJIAL ¥V
CUCTEMI BATATOITAPOBUX COPEPUYHUX TLJI

Poman Tauniii; Oaer Ilazen

JIvgiscokuti OepoicasHull yrHisepcumem 0e3neKu HCUmmeoisibHOCMI,
JIveig, Yrpaina

Pe3tome. 3anpononosana poboma npucesiueHa 3acmocCy8aHHIO NPIMO20 Memoody 00 OO0CHIONCEHHS
npoyecie meniooOMiHy 6 cucmemi — Kyis 6cepeuni bazamouiaposoi cepuunoi oboronku (koncmpyxyii).
Ipunyckaemoscs, wo mixc wapamu yiei cucmemu iCHye i0eanbHUuli Menio8ull KOHMAaKm, a menioooMiH Midc
HABKOIUWHIM cepedosuiyem ma 306HIUHbOI0 NOBEpXHero 8i00ysaembcs 3a 3akonom Hviomouna-Pixmana. Toomo
BUKOHYIOMbCSL YMOBU MPembo2o poody. 3aKOH 3MIHU MeMNepamypu HaABKOIUUWHBO20 Cepedosutyd € 008LIbHOI0
@yHKYyi€lo uacy ma piBHOMIPHO pO3NOOLNEHUNl Y NPUNOBEPXHEBOMY WApi MAaxK, wo Ii3omepmu 8cepeouni
KOHCMPYKYIi a61s10ms cobor KoHyenmpuuti cghepu. Omooic 3a0aua € cumMempuyHoo i 8 maKxii nOCmaHo8yi
po3e’szana enepute. [l po3e’sa3yeanns Makoi 3a0aui napaneibHo Cmdaeumvcsi OONOMINCHA 3a0ayd Npo
BUBHAYEHHSL PO3NOOLTY HECTNAYIOHAPHO20 MEMNEPAmypPHO20 NOsl Yy 0A2amouaposiic ROPONCHUCMIL chepuynil
KOHCMPYKYIL 3 «BUTYHEHOI0Y Kylelo 00Cmamubo manoeo padiyca. Ilpu yvomy ymosa cumempii 6uxionoi sadaui
3AMIHIOEMbCA YMOB0I0 OpYe020 pOOy HA GHYMPIWHIL nosepxui yiei koucmpykyii. Peanizayia po3e’sasxy
OONOMINCHOI 3a0ayi NPOBOOUMbCSL WIISIXOM 3ACMOCY8AHH Memooy PeOVKYil 3 GUKOPUCMAHHAM KOHYenyil
keazinoxionux. Hadani euxopucmogyemuocs cxema @yp’e i3 3acmocy8anHam MOOUPIKOBAHO20 MemMOOY GIACHUX
@yukyin. [na 3naxoOsicenHs po3e’s3Ky uXIOHOI 3a0aui GUKOPUCMIAHO [0€H ZSPAHUYHO20 Nnepexody ULIAXOM
npamyeanus paodiyca eunyueHoi Kyai 0o myas. Bemawnoenewo, wjo npu makomy nioxooi eci enacHi (yukyii
8I0N0BIOHOT 3a0ayi HA 61ACHI 3HAYEHHS He MAMb 0COOIUBOCHEl 8 HYII, d Ye O3HAYAE, WO U PO38 S3KU GUXIOHOT
3a0aui € obmedceHuMU Y 8Citi KOHCmpyKyii. [ns inrocmpayii 3anpononosanoeo memooy po3s s3aH0 MOOeIbHU
NPUKIIAO NPO 3HAXOO0AHCEHHSL PO3NOOLTY MEeMNepamypHO20 NOJIALY CUCMEME CEMUUAPOBUX CHepUtHUX KOHCMPYKYIT
3 pIZHUMU MEeNnIoPI3UYHUMU XapaKkmepucmuxkamu mamepianie. Pezynomamu obuucnens npedcmasneni y ueasioi
maoauyi npo 3MIHYy memMnepamypu 3aiexHcHo 8i0 4acy ma npocmopogoi KoopouHamu. Y3azanvHeHHs OMPUMAHUX
pe3ybmamis 015 BUNAOKY THWMUX KPAUOBUX YMO8 (HANPUKIAO, Nepuiozo poody) 6y0b-aKoi CKiHUenHOI KilbKocmi
bazamouaposoi cghepuyHol KOHCMPYKYIL He UKIIUKAE HCOOHUX MPYOHOWIS.

Kniouogi cnosa: bazamowaposa xyns, K6a3inoxiona, npsamuil Memoo, epaHudnull nepexio.
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