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Summary. The article is devoted to the research of problems of contact interaction of infinite elastic
stringer with one and two identical clamped along one edge of pre-stressed strips. In general, the research was
carried out for the theory of great initial and different variants of the theory of small initial deformations within
the framework of linearized theory of elasticity with the elastic potential having arbitrary structure. The integral
integer-differential equations are obtained using the integral Fourier transform. Their solution is represented in
the form of quasiregular infinite systems of algebraic equations. In the article alsaw was investigated the influence
of the initial (residual) stresses in strips on the law of distribution of contact stresses along the line of contact with
an infinite stringer.
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Statement of the problem. Investigation of the problems of contact interaction of thin-
walled elements in the form of overlays (stringers) and coatings of various geometric forms
with massive deformed bodies is very important problem both in the theoretical and in the
applied aspect. When creating structures and machines mechanisms for improving the strength
characteristics and properties of parts, as well as the possibility of their use under high
temperatures conditions, or in aggressive media presence, various coatings and reinforcements
are widely used. Since such parts are often the structures responsible elements, which fracture
can result in catastrophic effects, then their regular diagnosis is required. In theory, this problem
can be reduced to the consideration of contact problems concerning the interaction of overlays
and inclusions with elastic bodies of various forms. One of the important factors that
significantly affect the reliability and durability of engineering structures and machine parts is
the presence of their initial (residual) stresses.

Analysis of the available investigation results. Despite the fact that investigations
concerning the impact of initial stresses have been actively carried out in our country and abroad
only at the end of the XX century, it is possible to list many names, researches and publications
related to this problem [1, 2]. In strict formulation of contact problems for elastic bodies with
initial stresses [1, 2], itis necessary to involve the apparatus of nonlinear elasticity theory, which
considerably complicates the analytic solutions construction of. But in case of large (finite)
stresses (deformations) we can restrict ourselves to the consideration of linearized elasticity
theory [1]. Historically, the investigation of contact problems in the framework of the linearized
elasticity theory consisted of two directions. The first one is connected with the investigation
of contact interaction of bodies with definite form of elastic potential [3]. In the second one, the
problem is set up in general form for compressible (incompressible) bodies with the arbitrary
structure potential based on the linearized elasticity theory [1, 2, 4—13].

The solutions of the contact problems concerning contact interaction of infinite stringer
with one and two pre-stressed stripes using the linearized elasticity theory relations [1, 2] are
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presented in this paper. The investigation is carried out in general form for compressible and
incompressible bodies for the theory of large (finite) initial deformations and two variants of
the theory of small initial deformations with arbitrary elastic potential structure.

The objective of the paper is to investigate within the framework of the linearized
elasticity theory, two flat contact problems concerning the load transmission from the infinite
stringer to one and two identical stripes with initial (residual) stresses without taking into
account frictional forces; to present the problem solutions in general form for the theory of large
(finite) initial deformations and two versions of the theory of small initial deformations, for
arbitrary elastic potential structure and to identify the effect of initial (residual) stresses in the
strips on the law of contact stresses distribution along the contact line with the infinite stringer.

Statement of the problem. Let us keeping [2, 4, 14] carry out all investigations in the

coordinates of the initial deformed state y,, which are related to the Lagrangean coordinates X,
by relations y, = Ax, (i =12), where 4, is the elongation coefficients determining the initial

state displacement in the coordinate axes directions.

We regard that further four conditions which are fundamental in the theory of contact
interaction of bodies with initial stress are always met and, therefore, determine the field of its
application.

Condition 1. Contact interaction of elastic finite (infinite) overlays and elastic stripe
with initial (residual) stresses occurs after occurrence of initial stressed state in the latter one.

Condition 2. The external load acting on the elastic thin overlay causes stresses with
much lower values than the corresponding stressed state ones in elastic stripe with initial
stresses.

Condition 3. The initial stressed state of one of the bodies being in contact interaction
has the structure that, in the area of their contact, can be (approximately, with sufficient
accuracy degree) considered as homogeneous initial stressed state.

Condition 4. The solution of linearized problems of the elasticity theory on the contact
interaction of bodies with initial stresses is the only one.

While fulfilling conditions 1—4 in the contact area L, {a,, b} for elastic overlays and

elastic stripe with initial (residual) stresses, conditions are presentat y, =0

u(y))=u,(y, )} v(y)=u,(»)} (r,=0, —o<y, <o0). (1)

dy, dv,’ dv, dv, 7 '

The boundary conditions (1)—(2) along with conditions (1—4) and equilibrium
conditions

Y1
p= [z(t)dt 3)

ay

complete the linearized tasks concerning the contact interaction of elastic overlays (finite,
infinite (a, = —oo; b, =+00)) strengthening the elastic stripe.

Problem 1. Contact interaction of the infinite stringer with pre-stressed stripe. Let
the elastic infinite stripe with initial stresses which has thickness t and pinched by one edge
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under plane deformation conditions, is reinforced by free end with thickness h due to the
infinitely long stringer (Fig. 1).
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Figure 1. Action of forces on the reinforced strip
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Let us assume that under the action of vertical and horizontal intensity forces, the
stringer in the vertical direction bends as the ordinary beam, and in the horizontal stretches
(compressed) as the one load stressed rod. Then you can write:

u(l) M1
W)L - a0 o< <) @

—00

()

D
dy’|

= p(r)-po(n) (~oo<y, <) (5)

where D — stringer stiffness coefficient, £1 — Young's module, p,(»,), p(»),q,(»,),q(»,) — the

intensity of the vertical and horizontal forces.
It should be noted in case of full contact, that the following conditions are to be met
along the contact line:

ov@(y,) ouP(y,) au®(y,) au,?(y,)
= , = y (-0 < Y > 00) (6)
oy, AA ay, oy, !

where u”(y,),v"(y,)— are the components of displacement vector in elastic stringer,

u,? (y,),u,? (y,)— are the components of displacement vector in elastic stripe with initial

stresses.

Taking into account the contact conditions (6) together (5), as well as the expressions
for vertical and horizontal displacements of the boundary points free of pinching, equation (4)
for compressible and incompressible bodies, and keeping [4], will be as follows:

ul(yl): Thnqy1 —t|)p(t)dt + Thlz(yl _t)Q(t)dt'
. . (7)
uz(y1)= Ih21(yl _t) p(t)d'[ + Ihzz(lyl _t|)q(t)dt-
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where h, (i, j=1,2) are the influence functions for the elastic stripe with initial (residual)

stresses, the expressions of which are given [4].
Taking into account (4)—(7), we get the following system of integral — differential
equations:

Uihu r)dt + jhlz )q(r)dr} = p(7)-p, (7).
% - (8)
{ [ A (v r)d7 + j (3 T|)q(z‘)dz‘}: [la(2)- g, ().

—0 —00 —00

Assuming that only the vertical forces po(1;),a qo(y;)=0 act on the overlay, then
system (8) is reduced to one integral-differential equation:

Dhn df}— p()=py(n) 9)

Equation (9) describes elastic overlay bending on the elastic stripe with initial (residual)
stresses. In case when under the action of the horizontal forces ¢,(y,)  (p,(»,)=0) the elastic
overlay only stretches, we get the following equation:

l“hzz dz‘} = j[q (10)

—00

To solve the system of integral — differential equations (8), we use the Fourier integral
transformations by variable y;, and as the result we derive expressions for the contact stresses

p(») and g(y,) finding:

()= E{QTH; (a)-H () @ sin ay,da — PTH;ZH_‘ (a)cosaylda}.
7
0 ) ) 0 (11)
)= 0] i) 1 eos v [ 1,1 |
4 0 0

Here the values P, Q — vertical and horizontal external forces with which the elastic pad
is loaded, H; (i, j=1,2) are expressed through known functions #, (i, j=1,2), which are
defined for equal and unequal roots of the defining equation [2] in accordance with [4, 14]. We
will perform similar actions with the integral — differential equations (9) and (10), will get the
following contact stresses p(y,) and ¢(y,):

pl)= 2 [l (o gl) =2 [ oy )

-, Hla) -, Hla)
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Problem 2. Contact interaction of the infinite stringer with two pre-stressed strips.
Let the endless elastic strips be made of the same compressible or incompressible materials
with the arbitrary structure potential. The same initial (residual) stresses act in the given stripes,
moreover the stripes thickness is t. On the edges at y = +t, the stripes are pinched, and are under
plane deformation conditions.

Let us assume that the infinite elastic strips are interconnected by the infinite elastic
stringer with the modulus of material elasticity £1 and Poisson factor v 1. Also let the pre-
stressed stripes be loaded with horizontal force Q,5(y,) acting on the middle point of the
stringer. We will use notation 5(y; ) — the known single Dirac delta function.

The investigation of this problem will be carried out in the coordinates of the initial
(residual) deformed state Oy,y, (Fig. 2)

| )
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Figure 2. Force action on the strips

N

Let us determine the law of normal and tangential contact stress distribution along the
stringer connection line with pre-stressed strips. Considering this problem, we assume that the
interaction occurs when four well-known conditions are fulfilled, which are fundamental in the
theory of contact interaction of bodies with initial stresses [2]. We denote the intensities of
normal and tangential contact stresses through p(y:) and q(y1), and the vertical and horizontal
stringer motions, respectively, vi9(y;) and u®(y1). So, let's put down:

oo »
d dy(lyl) - Ellh [2g(6)-0,6()at , (—o0<y, <) (13)

——=0, (~oo<y, <) (14)

It should be noted in case of complete contact that the following conditions are to be
met along the contact line:

dv")(yl) _ dugz)(yl) du® (yl) _ dul(z) (yl) (—oo <y <oo) (15)
dy, dy, 4y, 4 |

where u”(y,),v"(y,)—- are the components of vector displacement in elastic stringer,

u > (y),u,"” (y,)— are the components of vector displacement in elastic stripes with initial
stresses.
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Taking into account the contact conditions (15) together with (13) and (14), as well as
expressions for vertical and horizontal displacements of the boundary points free of pinching,
which were obtained on the basis of the superposition principle in the case of equal and unequal
roots of the determining equation [1, 2] for compressible and incompressible bodies, and taking
into account [14], will be as follows:

Ihu t)dt + Ihlz(yl tha(t)dt.
uz(Y1):thl(y1_t)p(t)dt+_jhzzq t|)q

(16)

From (13)—(16) relatively to unknown contact stresses, we get the following system of
integral — differential equations:

[jh“ (¢)dt + j hy, (v )q(z)dt} =0
(oo <y <o) (17)

Y,
[ [ (=t + [~ r|)q(z>dt} [24(0)- 0,5 )k

where h; (i,j=12) are the influence functions for elastic stripe with initial (residual)

stress [14]. Applying Cramer formula and inverse Fourier transform, we get the solution of the
integral — differential equations system (17). This solution gives expressions for the desired
contact stresses as

H. ()

Q 7 .
cosay,da, p(y,)=—u|——F=sinay,da, (o< y <o 18
) =R ( )

Hi (@)

_ Qo T
90y,) == u! e

(24 (24

Examining the convergence of non-proper integrals included in (18), taking into account
the values H"j(r) and values H,(x) [14], as well as asymptotic formulas for H,(e) |,

neglecting the lengthy elementary transformations for contact tangential stresses (18) from the
action of horizontal external force Q,5(y, ), we obtain at (- < Y, <) the following:
1

) ) ) <2 H. —c,H"
Q(yl) = R c,(cosc, Y1C'(C2 Y1)+ SN C,Yy;sl (Cz Y1)) - J #(e, + o) 11(0{1 &H (@)
21 T Grob @

cosay,de |(19)

o0 . o0
J‘ Smo J‘ Cosox

da; Ci(02y1)= -

€201 €201

where si(c,y,)=— da — is, respectively, integral sinus and

cosine.

Let us assume that elastic thin overlay is loaded with vertical external forces
p,(y,)=P-5(y,) and horizontal forces q,(y,)=Qd(y,). We denote p,(a)=P; q,()=Q
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from expressions (12) we obtain expressions for determination of normal contact stresses p(yl)
and tangential stresses q(y, )

aly,) = ﬂQT Hyy(e)-H ™ (a)cos ay,da — PT Hy,H ™ (a)sin aylda} : (20)

p(y,)= E{QT H, () H () - a’sinay,de - PT H,,H 1(oz)coswyldoc}. (21)
| % 0

Analysis of numerical results and investigation results. On the basis of the formula
(20)—(21) the numerical analysis [8] was carried out, its results are shown in the
graphs (Fig. 3, 4). All results are obtained for the case of equal (harmonic potential, the potential
of Bartenev-Khazanovich) and unequal (Treloar potential) roots of the defining equation [2].
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Figure 4. Intensity of tangential contact stresses under the stringer
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The numerical calculations will be carried out on PC by licensed software
Maple-8 [15], according to dimensionless quantities hP_lp(Z‘) — normal contact stresses;

hQq(t) — tangential contact stresses.

The effect of initial stresses in elastic stripes on the law of contact stresses distribution
under the stringer for dimensionless values hQ *q(t) and ~P~'p(t), where hQ'q(t), ~P'p(r)
is dimensionless contact tangential and normal stresses, respectively is shown in Fig. 3, 4. The

value 4 =1 (dotted line in Fig. 3.4) corresponds to the classical theory of elasticity and
coincides with the results of paper [9]; 4, =0,7;0,8;0,9 — correspond to the initial stresses of

compression, and A, =11,12;13—tensile stress; t — dimensionless coordinate of the initial

stressed state in elastic stripes.

Conclusions. The obtained results of the carried out investigation are valuable for the
calculation of structures and parts of machines with initial (residual) stresses, which are in
contact interaction on strength, reliability and durability. This is due to the fact that they allow
to predict more accurately the mechanical behavior of structures using reinforcement elements.
The obtained results can be used to evaluate the application limits of the linearized elasticity
theory. Within the framework of the linearized elasticity theory, the formulation is given and
solutions of the problems of contact interaction of one and two identical elastic stripes with
initial (residual) stresses reinforced by elastic infinite stringer are obtained in the general form
for the theory of large (finite) and two versions of small initial deformations in the case of
elastic potential arbitrary structure. New method of solving this type of contact problems for
spripes with initial (residual) stresses reinforced by infinite elastic overlay using integral
Fourier transforms is proposed. The main singular integral-differential equations for the class
of problems under consideration are obtained. The solution of the obtained equations is
presented as quasiregular infinite systems of algebraic equations.

The mechanical effect similar to the previous carried out investigations [2, 5—12],
concerning the case when the elongation coefficient approaches the values of the material
surface instability, there are resonant phenomena both in stripes and in stringer. This
phenomenon occurs due to the fact that the stresses and displacements in the interacting bodies
sharply change their values.

The analysis of numerical results shows that in the compression case (4, <1), the
presence of initial stresses in the elastic stripe results in significant reduction of contact stresses,
in the case of tension (4, >1) — in their increase. And it follows from the sown graphs (Figures

3, 4) that more significant impact of initial stresses is observed in highly elastic materials.
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YK 539.3

IEPE/IAYA HABAHTAKEHHA BI/l HECKIHYEHHOI'O CTPUHI'EPA
JIO OJHIET I 10 JBOX NONEPEJHBO HAIIPYXKEHUX CMYT

Muxkoaa Jixtapyk; Harauis AApenbka

Xmenvnuysbkuii HayionanvHu ynigepcumem, XmeavbHuybkull, Ykpaina

Pe3tome. YV pamkax nineapuso8anoi meopii npys#cHOCmi po32asiHymo NAOCKI KOHMAKmMHI 3a0auvi, ujo
CMOCYI0MbCsl NepedasanHsi HABAHMANCEHHS 8i0 HECKIHUEHH020 CIMpUuneepa 00 00HIET i 00 080X 0OHAKOBUX CMYe i3
ROUAMKOBUMU (3ATUUKOBUMU) HANPYHCEHHAMY De3 Ypaxyeants cun mepms. [ocniodxcenns nposedeno 015 meopii
BENIUKUX (CKIHYEHHUX) NOYAMKO8UX Oedhopmayii ma 080X 6apianmis meopii Maiux noyamkosux oegpopmayii, 0s
008INbHOT CMPYKMYpU NPYHCHO20 nomenyiany. 3pobaeno npunywenns, wo: 1) neckinuenui npysicni cmyeu
8U20mMoIeni 3 0OHAKOBUX CIUCTUSUX AOO HECTNUCIUBUX MAEPIAnie 3 NOMeHYIanoM 008inbHOTI cmpykmypu; 2) y
cmyaax Oitoms 00OHAKOGI NOYAMKOGI (3anuKosi) Hanpycents,; 3) nio Oiero 8epMUKATLHUX | 20PUZOHMATLHUX CUTL
iHmMeHCUBHOCMI CmpUuH2ep Y 6ePMUKATLHOMY HANPSAMKY 32UHACMbCA K 36UYAlIHA OANKA, A 8 2O0PUSOHMANLHOMY —
PO3MAZYEMBCSL (CMUCKAEMBCS) K 0OHOBICHO HANPYJHCEHUL cmpudicelb. JJocniodxcents 0anoi 3a0aui UKOHAHO 6
KOOPOUHAMAX —NOYAMKO0B8020  (3a1UUK08020) Oepopmoganozo cmawny. 3a O00NOMO20K0  IHMESPATbHO2O0
nepemeopents Dyp’ec ompumano oCHOGHI inHmezpo — Oughepenyitini piHANHSA, PO38 A30K AKUX NPEOCMABIEHO Y
6UNA0I KGA3IPE2YNIAPHUX HECKIHYEHHUX cUuCmeM aneeOpaiuHux pieHAnb. Busnaueno 3aKon po3nooiny HOpMAlbHUX
i maneenyianbHUX KOHMAKMHUX HANPYICEHb Y3006iC IHII 3 €OHAHHA CMpUHeepa 3 NONepeoHbO HANPYICeHUMU
cmyeamu. Jocniodceno 8naue HAsIGHOCMI NOYAMKOBUX (3ANUUWKOBUX) HANPYICEHb Y cMy2ax (CMY3i) HA 3AKOH
PO3N00LNTY KOHMAKMHUX HANPYIHCEHb NO JIHII KOHMAKMY 3 HeCKinueHHUmM cmpuneepom. IIpointocmposano eniug
NOYAMKOBUX HANPYIHCEHb Y NPYICHUX CMY2aX HA 3AKOH PO3NOOINY KOHMAKMHUX HANPYIICEHb Ni0 CMPUH2EPOM 6i0
0ii’ maneenyianvHol cunu. 3anponoHO8aAHO HOBUL CNOCIO pO38 A3Y8AHHA 0AHO20 MUNY KOHMAKMHUX 3a0ay OJisl
cmye i3 NouamKo8UMU (3ATUUKOBUMUY) HANPYICEHHAMU, 5KIi NIOKPINAeHI HeCKIHYEHOI0 NPYICHOK HAKIAOKOH
(cmpuneepom) i3 GUKOpUCMAKHAM IHmMeZPalbHUX nepemeopers Dyp’e.

Kniouosi cnoga: nineapuzoeana meopis npyscHOCmi, NOYAmMKOGI (3a1UWKOBL) HANPYICEHHs, KOHMAKMHA
3a0aua, inmezpanvie nepemeopents Pyp’e, cmpuneep.
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