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Summary. Induction heating is used by technological processes of surfacing. The advantages of induction 

heating are high concentration of energy at the heating area that allows to increase the productivity of process, 

because time of surfacing decreases. The disadvantages of induction heating are electromagnetic radiation and 

excessive loss of electrical energy. The authors deal with development of the optimal law for source capacity 

change by using methods of calculation. It allows to reduce electrical energy consumption by 36,8% and 15,8% 

compared with traditional laws of capacity distribution. 
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Statement of the problem. For disk outer edge surfacing with wear-resistant material 

an induction coil is used [1–5], which allows to perform simultaneous surfacing onto the entire 

area being reinforced. This type of surfacing ensures axial symmetry of the process, thus we 

obtain the part without any distortions and no further trimming is needed. Surfacing is 

performed by using induction heating, its advantages being high energy concentration within 

the heating area, which allows to increase productivity of the process by reducing time [6, 7]. 

Still, the induction heating has a number of disadvantages, – namely the electromagnetic 

radiation and excessive electrical energy consumption, which in their turn had negative impact 

on people involved and high rate of energy consumption.  

Evaluation of known experimental studies. Work [8] provides approximate formula 

for time-dependent capacity of heat sources to calculate the amount of required temperature to 

be applied onto surfacing area within specified time 𝜏∗ at lowest consumption of energy. 

Objective of the research. The objective of this study is to produce more accurate 

optimal time law for capacity of heat sources, which would allow to considerably reduce energy 

consumption hence saving funds and resources.  

Statement of the task. As energy conservation is of great importance for high-quality 

surfacing, a demand arises for finding out more accurate optimal time law for capacity of heat 

sources.  

Certain temperature 𝑇𝑧𝑑
∗  should be provided in the thin shaped disc with radius 𝑅2 in the 

area of outer edge 𝑅1 < 𝑟 < 𝑅2 to ensure high-quality surfacing at lowest consumption of 

energy.  

The equation of disc thermal conductivity for averaged in thickness temperature and 

averaged capacity of heat sources is [8, 9] 
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where 𝑇 = 𝑇∗ − 𝑇ср, Т* is disc temperature, 𝑇ср = 𝑐𝑜𝑛𝑠𝑡 – ambient temperature; 𝑘∗=α/λ; 

𝛼 − heat-transfer coefficient; 𝜆 − thermal conductivity of the disc material; 2ℎ −  thickness of 

the disc; 𝑎 − thermal diffusivity; 𝑤(𝑟, 𝑡) − averaged in thickness function of specific capacity 

of inner heat sources.  

It is considered that if 𝑟 = 𝑅2, convective heat transfer condition comes in place and 

there is no heat flow through the center of the disc, i.e. the following boundary conditions occur: 

 

𝜕𝑇

𝜕𝑟
= 0 𝑖𝑓 𝑟 = 0, (2) 

 

𝜕𝑇
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+ 𝑘∗𝑇 = 0 𝑖𝑓 𝑟 = 𝑅2. (3) 

 

At zero moment the disc temperature is constant and equal to ambient temperature. So 

the initial condition is the following:  

 

𝑇 = 0 𝑖𝑓 𝑡 = 0. (4) 

 

It is necessary to produce the law of heat sources capacity change at lowest energy 

consumption needed for surfacing, provided the final temperature distribution within the disc 

has the least predetermined deviation value. Surfacing time is considered to be predetermined 

and equal to 𝜏∗. 

Thus, it is necessary to minimize the composite function 
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provided, the process is described by equation (1) under boundary and initial conditions (2–4). 

Extended composite function of the task is as follows  
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(6) 

 

where 𝑇̅(𝑟, 𝑡) is Lagrangian multiplier. 

Necessary criterion for composite function minimum is zero equality of the first 

variation 
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𝛿𝐽 = 0. (7) 

 

Having found the first variation and equaled it to zero, the conjugate problem is 

produced:  
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𝜕𝑇̅

𝜕𝑟
+ 𝑘∗𝑇̅ = 0  𝑖𝑓 𝑟 = 𝑅2, (9) 

 

𝑇̅(𝑟, 𝜏∗) = 2𝑎[𝑇(𝑟, 𝜏∗) − 𝑇𝑧𝑑(𝑟)], (10) 

 

as well as the following formula for optimal distribution of inner sources: 

 

𝑤(𝑟, 𝑡) = −
𝜆

2𝑎2
𝑇̅(𝑟, 𝑡) (11) 

 

Apart from this, a direct problem (1)–(4) should be performed. The solution of the 

conjugant problem, produced by Fourier method, is 

 

𝑇̅(𝑟, 𝑡) = ∑ 𝐴𝑘𝑒𝑎𝜔к
2𝑡𝐽0(𝜈к𝑟)

∞
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 (12) 

 

where 𝐽0(𝜈к𝑟) − zero-order Bessel function, 𝜈𝑘 − roots of the characteristic equation. 

 

𝑘∗𝐽0(𝜈𝑅2) − 𝜈𝐽1(𝜈𝑅2) = 0. (13) 

 

𝜔к
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2 +
𝑘∗

ℎ
. (14) 

 

Solution (12) does not yet fulfils condition (10). To satisfy this condition we should find 

the solution of the direct problem. Taking into account (11) and (12) the equation (1) will be 

the following: 
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∞
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. (15) 

 

As fundamental functions in the coordinate r and eigenvalues are the same as for 

conjugant problem, we are seeking the solution of the problem (15) in the form of: 
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𝑇(𝑟, 𝑡) = ∑ 𝜃к(𝑡)𝐽0(𝜈к𝑟)

∞

𝑘=1

. (16) 

 

Functions 𝜃к(𝑡), based on the initial condition (4) should fulfil condition  

𝜃к(0) = 0. (17) 

 

Having substituted (16) and (15), the following equation for finding functions 𝜃к(𝑡) is 

produced  

 

𝑑𝜃к

𝑑𝑡
+ 𝑎𝜔к

2𝜃к = −
𝐴к

2𝑎
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2𝑡. (18) 

 

The general solution, if condition (17) is taken into account, can be the following: 

 

𝜃к(𝑡) = −
𝐴к

2𝑎2𝜔к
2
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So, the solution of the direct problem is 
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∞
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 (20) 

 

To satisfy condition (10) function 𝑇𝑧𝑑(𝑟) is expanded in fundamental functions of the 

problem 
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∞
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. (21) 
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Having fulfilled (10), we obtain 

 

𝐴к = −
2𝑎2𝜔к
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. (23) 

 

Thus, the optimal law for distribution of source capacity is 
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𝑤(𝑟, 𝑡) = 𝜆 ∙ ∑
𝜔к
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2𝑡

𝑎𝜔к
2𝑒𝑎𝜔к
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∞

к=1

(𝜈к𝑟). (24) 

 

The corresponding function of average temperature distribution within the disc is as 

follows: 

 

𝑇(𝑟, 𝑡) = ∑
𝑏к𝑠ℎ(𝑎𝜔к

2𝑡)

𝑎𝜔к
2𝑒𝑎𝜔к
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∞
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(𝜈к𝑟). (25) 

 

As a result of induction heat the predetermined temperature 𝑇𝑧𝑑
∗  should be reached 

within the area of surfacing 𝑅1 ≤ 𝑟 ≤ 𝑅2, we define 

 

𝑇𝑧𝑑(𝑟) = {
0, 0 ≤ 𝑟 ≤ 𝑅1

𝑇𝑧𝑑
∗ , 𝑅1 ≤ 𝑟 ≤ 𝑅2

 (26) 

 

In this case the distribution coefficient (22) will be equal 

 

𝑏к =  
2𝑘∗2𝑇𝑧𝑑

∗ [𝑅2𝐽1(𝜈к𝑅2) − 𝑅1𝐽1(𝜈к𝑅1)]

𝑅2
2 ∙ 𝜈к(𝜈𝑘

2 + 𝑘∗2) ∙ 𝐽1
2(𝜈к𝑅2)

. (27) 

 

As a result, distribution functions of optimal heat source capacity and temperature field 

will be as follows: 

 

𝑤(𝑟, 𝑡) =
2𝜆𝑘∗2𝑇𝑧𝑑

∗
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𝑇(𝑟, 𝑡) =
2𝑘∗2𝑇𝑧𝑑

∗

𝑅2
2 ∑

[𝑅2𝐽1(𝜈к𝑅2) − 𝑅1𝐽1(𝜈к𝑅1)]𝑠ℎ(𝑎𝜔к
2𝑡)𝐽0(𝜈к𝑟)

𝜈к(𝜈𝑘
2 + 𝑘∗2)𝐽1

2(𝜈к𝑅2) (𝑎𝜔к
2𝑒𝑎𝜔к

2𝜏∗
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.

∞
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Heat sources will be concentrated within the surfacing area under induction coil. 

Therefore we average the source strength by the surfacing area width  

 

𝑤0(𝑡) =
2

𝑅2
2 − 𝑅1

2 ∫ 𝑤(𝑟, 𝑡)𝑟𝑑𝑟 =

𝑅2

𝑅1

 

=
4𝜆𝑘∗2𝑇𝑧𝑑

∗

𝑅2
2(𝑅2

2 − 𝑅1
2)

∑
𝜔к

2𝑒𝑎𝜔к
2𝑡[𝑅2𝐽1(𝜈к𝑅2) − 𝑅1𝐽1(𝜈к𝑅1)]2

𝜈𝑘
2(𝜈𝑘

2 + 𝑘∗2)𝐽1
2(𝜈к𝑅2) (𝑎𝜔к

2𝑒𝑎𝜔к
2𝜏∗

+ 𝑠ℎ(𝑎𝜔к
2𝜏∗))

.

∞

к=1

 

(28) 

 

Full specific energy during the entire time of heating 𝜏∗ equals 
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𝑊𝑜𝑝𝑡 = ∫ 𝑤0(𝑡)𝑑𝑡 =

𝜏∗

0

 

=
4𝜆𝑘∗2𝑇𝑧𝑑

∗

𝑎𝑅2
2(𝑅2

2 − 𝑅1
2)

∑
(𝑒𝑎𝜔к

2𝜏∗
− 1)[𝑅2𝐽1(𝜈к𝑅2) − 𝑅1𝐽1(𝜈к𝑅1)]2

𝜈𝑘
2(𝜈𝑘

2 + 𝑘∗2)𝐽1
2(𝜈к𝑅2) (𝑎𝜔к

2𝑒𝑎𝜔к
2𝜏∗

+ 𝑠ℎ(𝑎𝜔к
2𝜏∗))

.

∞
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(29) 

In order to evaluate energy conservation, which is occurs as a result of specific capacity 

variation of sources according to the optimal law (28), we need to find the value of constant in 

time specific capacity of sources which is needed to heat the surfacing area of the disc to the 

predetermined average temperature 𝑇𝑧𝑑
∗ . It can be shown [8] that this value equals  

 

𝑤∗ =
𝜆𝑘∗𝑇𝑧𝑑

∗

ℎ(1 − 𝑒−
𝑎𝑘∗𝜏∗

ℎ )

 (30) 

 

and correspondingly full specific energy during the entire time of heating 

 

𝑊∗ =
𝜆𝑘∗𝑇𝑧𝑑

∗ 𝜏∗

ℎ(1 − 𝑒−
𝑎𝑘∗𝜏∗

ℎ )

 (31) 

 

Energy conservation, which is obtained due to heating according to optimal law, equals 

 

∆1=
𝑊𝑜𝑝𝑡 − 𝑊∗

𝑊∗
∙ 100%. (32) 

 

It also is interesting to compare full energy consumption needed for heating, which was 

found in this research, with equivalent value, provided the change of capacity of inner sources 

is performed according to optimal law found in work [8] and which equals 

 

𝑊𝑠ℎ =
𝜆𝑇𝑧𝑑

∗

𝑎 ∗ 𝑠ℎ(
𝑎𝑘∗𝜏∗

ℎ
)

∙ (𝑒
𝑎𝑘∗𝜏∗

ℎ − 1). (33) 

 

Correspondingly the energy conservation equals  

 

∆2=
𝑊𝑜𝑝𝑡 − 𝑊𝑠ℎ

𝑊𝑠ℎ
∙ 100%. (34) 

 

Numerical calculations are performed for the following data. Geometrical 

dimensions – 𝑅1 = 0,092 𝑚, 𝑅2 = 0,105 𝑚, 2ℎ = 0,003 𝑚. Disc material – steel St3sp with 

thermal and physical properties: thermal diffusivity – 𝑎 = 6,2 ∙ 10−6  𝑚
2

𝑠⁄ ; thermal 

conductivity – 𝜆 = 40 𝑊
(𝑚 ∙ ℃)⁄ ; heat-transfer coefficient; – 𝛼 = 455 𝑊

(𝑚2 ∙ ℃)⁄ ; 

𝑇𝑧𝑑
∗ = 1220 ℃; heating time – 𝜏∗ = 32 𝑠. Dependency diagrams of power and temperature 

distribution are shown on figure 1, 2 and figure 3, 4 correspondingly.  
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Figure 1. The distribution of optimal capacity of sources for different time points 

 

 

 

Figure 2. The change of specific capacity by optimal law (28) – W0 (t) and the law of physical 

work [8] – wsh (t) 

 

 

Figure 3. Temperature field of the plate 
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Figure 4. Temperature distribution within the plate at final time point 

 

Conclusions. Energy conservation obtained as a result of application of optimal law for 

source capacity change (28) in comparison with heating at constant capacity.  

 

∆1=
𝑊𝑜𝑝𝑡 − 𝑊∗

𝑊∗
∙ 100% = 36,832%. 

 

Energy conservation obtained as a result of application of optimal law for source 

capacity change (28) in comparison with heating by the law of physical work [8] 

 

∆2=
𝑊𝑜𝑝𝑡 − 𝑊𝑠ℎ

𝑊𝑠ℎ
∙ 100% = 15,775%. 
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ОПТИМАЛЬНЕ КЕРУВАННЯ ІНДУКЦІЙНИМ НАГРІВОМ У 

ПРОЦЕСАХ НАПЛАВЛЕННЯ ТОНКИХ ФАСОННИХ ДИСКІВ 
 

Володимир Гаврилюк; Володимир Михайлишин; 

Михайло Михайлишин; Чеслав Пулька 
 

Тернопільський національний технічний університет імені Івана Пулюя, 

Тернопіль, Україна 
 

Резюме. Індукційний нагрів широко застосовується в процесах наплавлення, які 

використовуються для відновлення спрацьованих або для зміцнення робочої поверхні при виготовленні 

нових деталей, які в основному застосовуються в сільськогосподарському машинобудуванні. Перевагами 

індукційного нагрівання є висока концентрація енергії в зоні нагріву, що дозволяє підвищити 

продуктивність процесу за рахунок скорочення часу. Однак індукційний нагрів має ряд недоліків, а саме: 

електромагнітне випромінювання та надмірні витрати електроенергії, які впливають на здоров’я 

оточуючих і на оплату послуг за використану енергію. З метою заощадження електроенергії, авторами 

розроблений більш точний оптимальний закон зміни в часі потужності теплових джерел. Числові 

розрахунки виконувалися для процесу індукційного наплавлення високочастотним генератором, тонких 

фасонних дисків шихтою – порошкоподібним твердим сплавом із застосуванням двовиткового кільцевого 

індуктора. Дані для яких виконувалися розрахунки: геометричні розміри – радіус диска 105 mm, радіус 

поверхні диска без шихти 92 mm, ширина шару шихти 13 mm, товщина3 mm, матеріал диска – сталь 

Ст3сп із заданими теплофізичними характеристиками, температура нагрівання – 1220°С, час 

нагрівання – 32 с. Проведені числові обчислення дозволяють вивести оптимальний закон зміни 

потужності джерел. При виконанні точніших розрахунків із врахуванням всіх необхідних коефіцієнтів 

приводить до економії електроенергії на 36,8% порівняно з нагрівом при постійній потужності в часі і 

на 15,8% – з нагрівом за оптимальним законом, але без точного урахування теплофізичних коефіцієнтів. 
Приведені графічні залежності дозволяють ознайомитися із розподілом та зміною оптимальної 

потужності джерел для різних моментів часу, а також показують зміну температурного поля в 

залежності від часу та радіусу наплавлюваного фасонного диска. 

Ключові слова: індукційний нагрів, наплавлення, оптимальний закон, потужність, температура, 

тонкий фасонний диск. 
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